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Abstract 
The hadron production (especially kaon production) and the hadronic ratios (especially 
/{ f'rr) in heavy ion collisions are studied assuming that particles are produced in a hadron 
gas at both thermal and chemical equilibrium. The final state in relativistic ion collision is 
described by a hadronic gas model which is governed by two freeze out parameters, namely, 
temperature T and baryon density B jV. It is found that for large interaction volumes 
and/or large net baryon number, a description using the grand canonical ensemble could 
be justified. For a small system however, corrections arising solely from exact strangeness 
and baryon number conservation cannot be neglected. Analytic results for the partition 
function and the particle numbers are presented. A detailed numerical evaluation is made. 
A comparison of the behaviour of the results with the experimental information is made. A 
review of kaon production and /{ / 1r ratio and the comparisons of the hadron gas model with 
recent experimental results is made. 
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Relativistic Heavy Ion Collisions 
1.1 In search of Quark Gluon Plasma 
Heavy ion collisions at ultra-relativistic energies offer the opportunity to study strongly 
interacting matter under the extreme conditions of high temperature and density. The study 
of ultra-relativistic heavy ion collisions is an emerging field which brings together aspects of 
both nuclear and high energy physics. One of the basic aims of heavy ion collisions is to study 
the hadronic matter under extreme densities and temperatures. It is believed that heavy 
ion collisions such as those done at CERN and BNL experiments can create the conditions 
similar to those in the early Universe and might have produced a state of matter known as 
the Quark Gluon Plasma (QGP) in the laboratory for the first time. The early Universe, 
at """ 111sec [1] after the Big Bang is believed to have been a plasma of weakly interacting 
quarks, gluons and leptons. This plasma might even still exist in the deep interiors of 
neutron stars [2]. Observing the plasma is one of the world's most important scientific goals. 
Detection of the QGP would not only serve as the direct evidence of quarks and gluons, but 
would also open a new era of physics. Measurements and studies of its properties would 
hopefully allow us to answer some of the fundamental questions about the origin of the 
universe, such as how matter was formed, how the cosmic asymmetry between matter and 
anti-matter came about, etc. At almost the same time that the QGP was theoretically 
recognized to be possible, heavy iori collisions were realized to be the most efficient way to 
1 
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create extended regions of hot and dense matter in the laboratory [3]. Experimental effort 
started almost simultaneously at the AGS of BNL and at the SPS of CERN ten years ago, 
with relatively light ions, 0 and Si of 14 GeV /u at BNL and 0 and S ions of up to 200 
GeV /u at CERN. This light ion phase is now completed and has provided very interesting 
I 
results. A new round of experiments, with really heavy ions, was started in 1992 with Au 
ions of 11 GeV ju at the AGS and two years ago with Pb ions of 160 GeV ju at CERN. Here 
there is a considerable increase in the volume of the system together with a slightly larger 
energy density. 
To the best of our knowledge everything in the universe is made up of hadrons and leptons. 
The hadrons are made up of quarks which often come in twos and threes. Baryons, such as 
protons and neutrons consist of three quarks. Mesons such as pions consist of a quark and an 
antiquark. These quarks are bound together by a strong force. Thus quarks are confined in 
the hadrons. In the so-called quark gluon plasma, quarks are no longer confined in hadrons 
(the collective name for mesons and baryons). In this new state of matter quarks and gluons 
will be free particles on their own. In addition to electric charge, the strongly interacting 
particle - quarks and gluons that bind them together - also have a color charge that is 
described by using the fundamental colors red, blue and green. Baryons are considered to be 
white because they contain one quark of each color; and mesons are considered to be white 
because antiquarks have anticolor. Since the time when the concept of quarks was· introduced 
by Gell-Mann [4] and Zweig [5] in 1964 free quarks have been continuously searched for, and 
none yet has been found. 
It is believed that in high energy heavy ion collisions a large fraction of energy is deposited 
into a small region of space in a short duration of time. The energy density can be high 
[1]. As an example the Relativistic Heavy-Ion Collider (RHIC) at Brookhaven National 
Laboratory ( BNL) is designed to accelerate nuclei to energies of about 100 Ge V per nucleon. 
For Au- Au collision where JS is about 200 GeV /A, one would expect an enormous amount 
of energy deposited in the collision region, and to attain even higher centre of mass energies 
there is the Large Hadron Collider (LHC) at CERN which will follow RHIC in its program. 
LHC will have JS of about 6300 GeV/A for Pb-Pb [6]. Quantum Chromodynamics (QCD) 
predicted a phase transition from hot hadronic matter to a quark-gluon plasma state, where 
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quarks and gluons are free to move over a large volume compared to the normal size of a 
hadron ("' 1 fm ). There is little doubt that such a state of matter exists and this is still 
under debate. However an interesting question is whether this state can be created and 
detected in the laboratory. Quantum Chromodynamics is, to date, a precise microscopic 
theory that describes successfully strong interactions of quarks and gluons. Nucleons which 
consist of uud (protons) and udd (neutrons) are known to compose all currently known 
existing matter. These nucleons are massive compared to u, d current masses and so chiral 
symmetry is spontaneously broken, resulting in the light quark constituent mass of 310 
MeV, in order to make nucleon mass of about 940 MeV. It is expected that under extreme 
conditions (high temperature and nuclear density), there exists a new state of matter in which 
chiral symmetry is restored [3, 7] where the masses drop to zero. Lattice QCD predicts that 

















Figure 1.1: Expected phase diagram for nuclear matter [9]. 
Figure 1.1 shows a schematic phase diagram of the transition from hadronic to quark matter. 
The ordinate is the temperature, and the abscissa is the baryon density. At high temperature 
and low density, the conditions are those which presumably prevailed in the universe a few 
microseconds after the big bang, whereas the other extreme of low temperature and high 
density the conditions may be close to those inside neutron stars. The early Universe is 
believed to have had high temperature and low baryon density, whilst the neutron star is 
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cool but has a high density. The heavy ion collision scenario occurs between these two limits. 
Three situations where quark-gluon plasma should be possible are discussed below: 
At times oft "' 10-5 sec the early universe was extremely hot and hence was in a deconfined 
state. As it cooled hadronization occurred. An alternative possibility is that the cores of 
massive neutron stars are sufficiently dense that hadronic matter becomes deconfined. A 
further alternative, is the possibility of the collision of high energy heavy ions, to create a 
region of sufficiently high energy density that the deconfinement transition is undergone. 
These conditions are illustrated in Fig. 1.1 The present ultra-relativistic heavy ion collision 
programs at CERN-SPS (at 160 GeV/A Pb+Pb) and at BNL-AGS (at 11.6GeV/A Au+Au) 
are examples of such an attempt to produce a quark-gluon plasma experimentally. For these 
fixed-target experiments the center-of mass energy may not be high enough to create the 
quark-gloun plasma. However we do hope that at RHIC and LHC we might see this QGP. 
1.2 Global and Hadronic observables 
Global observables, like transverse energy Er and charged particle distributions; and hadronic 
observables, like PT distributions, particle production cross sections and two particle corre-
lations provide crucial information about the reaction dynamics and in particular about the 
energy density achieved, and the size of the hadronic system at freeze-out (i.e when the 
system ceases to interact). Figure 1.2 shows the transverse energy distribution as measured 
by the NA49 experiment in Pb- Pb collisions. An increase by a factor of three in the 
maximum transverse energy is observed. In both cases the shape is entirely governed by 
the geometry of the collision; a plateau corresponding to large range of impact parameters 
where the two nuclei overlap, rapidly falling when reaching central collisions at b = 0. The 
question whether these collisions produce a system of high enough density has already been 
positively answered by the results obtained with 0 and Si ions at the SPS [15] and the recent 
Pb results confirm it. The energy density is inferred from the energy deposited in the system 
- reflected in the measured transverse energy or alternatively in the number of produced 
particles - together with a model for the initial interaction volume. The most widely used 
model is the one proposed by Bjorken [1]. In his scenario of boost invariant expansion, the 
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Figure 1.2: Transverse energy distribution of Pb - Pb at 160 Ge VI A and S - Au at 200 
GeV I A compared to calculations using the FRITIOF and VENUS event generators [11]. 
energy density c; is proportional to the transverse energy density in rapidity space dEr I dy 
1 dEr 
c:= ----' 
7r R 2T dy 
where R is the projectile radius (R = 1.12A113 ), and Tis the formation time which is usually 
assumed to be 1 fmlc. The energy densities achieved at SPS are 2.6 GeVI fm 3 (S- Au 
at 158 GeV I A) and 3.2 GeVI fm 3 (Pb- Pb at 160 GeV I A) [11]. These values are about 
20 times larger than the one for the normal nuclear matter ( "'0.16 GeVI fm 3 ), and about 
7 times larger than that inside the nucleon. More importantly these values are within the 
range of values predicted for the deconfinement transition phase to occur. 
1.3 The Bag and String Models 
Since quarks are confined inside a hadron, a useful phenomenological description of quarks 
in hadrons is provided by the bag model. Of the many versions of the model, the MIT bag 
model [12] has the necessary characteristics of the phenomenology of quark confinement. For 
a review of the Bag Model see [13, 14]." In this section we shall use the MIT Bag Model to 
understand how quarks can become deconfined in new phases-of matter. The MIT Bag Model 
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treats hadrons as individual bags containing only quarks. It is a semi-phenomenological 
model in the sense that physics inside the bag is treated differently from that outside. Quarks 
are massless inside the bag and infinitely massive outside, phenomenologically explaining 
their confinement. Confinement in the model is the result of the balance of the bag pressure, 
B, which is directed inward, and the stress arising from the kinetic energy of the quarks. The 
bag pressure, B, is a phenomenological quantity and is introduced to take into account the 
non-pertubative effects of QCD. According to QCD, quarks carry a new intrinsic quantum 
number, color. As mentioned earlier there are three colors, namely: red, blue and green. If 
quarks are confined in the bag, gluons should also be confined in the bag. And according to 
"Gauss's law" the net color charge of the matter inside the bag must be colorless. As there 
are three different types of color, the bag model would imply that the allowable hadronic 
bags should include colorless qqq and qij states. Consider a system of N quarks confined in 
a spherical bag of radius R. The total energy of this system is given [16] by 
E _ 2.04N ± R3B - + 7r . 
R 3 
( 1.1) 
where the first term arises from kinetic energy and the second term from the potential energy 
of the confined quarks. Here and throughout this work the conventional units 11, = c = k = 
1 are used. The number 2.04 comes from the spherical Bessel functions. The tendency 
to increase radius due to kinetic energy of the quarks is counterbalanced by this inward 
pressure, B, directed from the region outside the bag fowards the region inside the bag. The 
equilibrium of the system is located at the radius R determined by ~~ = 0, which leads to 
a bag pressure constant B related to the radius by 
B1/4 = (2.04N) 1/4 ..!:._ 
47r R 
( 1.2) 
If we take the confinement radius to be 0.8 fm for a three quark system in a baryon, we 
obtain an estimate of the bag pressure constant 
B 114 = 206 MeV. ( 1.3) 
If the pressure of the bag is greater than B, then the bag will break up, leading to the 
deconfinement of the quarks, or the formation of the quark matter. In other words, if 
the pressure of the quark matter inside the bag is increased, there will be a point when the 
pressure directing outward is greater than the inward bag pressure. And when that happens, 
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the bag pressure cannot balance the outward quark matter pressure and the bag cannot 
confine the quark matter contained inside. A new phase of matter containing the quarks 
and gluons in an unconfined state is then possible. A large pressure of quark matter arises 
1) when the temperature of the matter is high, and or 2) when the baryon number density is 
large. In the bag model, hadron bags are often nearly spherical in shape, corresponding to 
the ground state or low energy state of hadrons. As a hadron is excited to a higher energy 
state, the quarks inside the bag have more energy so that the bag might become distorted. 
One extreme case is that the bag becomes long and thin like a string. Hence the string model 
which can be thought of as an extension of the bag model. The energy of the quark system 
in the string model is given [17) by 
(1.4) 
where R is the length of the string and C¥ 5 is the strong coupling constant. The second term 
arises, of course, from the string picture, where the string tension, (j is roughly 1 Ge V /fm. 
When the quark and anti-quark in a qij pair are far apart, the flux tube of color-electric field 
between them would have so much energy that the string breaks producing another qij pair 
in between. In this picture, it seems that quarks are never able to reach de-confinement. 
However, in a dense state, strings should not be long and quarks ought to overlap. 
1.4 Thermodynamics 
.If QGP is formed, we have a situation which is much like a chemical mixture in which 
chemical compounds interact to change to other momentum states and to transform to 
other chemicals. In this mixture, there will be a stage when the momentum distributions 
of the particles do not change, even though momentum exchanges continue through the 
interaction between particles. When this stage is reached we say the system has reached 
thermal equilibrium. Equilibration results from the balance in the gain and loss of the 
momentum distribution of forward and reverse or other reactions, respectively. In a similar 
way, chemical equilibrium is reached when the densities of different particles reach a steady 
state even though the particles continue to interact and transform from one kind to another. 
Equilibration re:?ults from the balance in the gain and the loss in density of forward and 
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reverse reaction or other reactions, respectively. Thus, the state of quark gluon plasma is 
said to be in thermal and chemical equilibrium when the interactions of the constituents do 
not change the momentum distributions and the densities of different types of particles in 
the plasma. The state of the plasma is then governed by the temperature T and various 
chemical potentials /-li for the different particles i. 
We do not know whether the system created in heavy ion collisions does reach thermal and 
chemical equilibrium so that one can use statistical QCD to describe these collisions. There 
should be sufficient scattering and re-scattering of incident and produced particles so that 
thermalisation occurs (i.e all particles in the fireball can be described by one temperature). 
When the measured transverse energy, Er, is compared with event generators (with and 
without scattering) it seems that a large degree of scattering and re-scattering does indeed 
take place [18]. Thus, although we do not know for sure if we have achieved thermal equi-
librium in current heavy ion collision experiments, local thermalisation might have been 
reached. So, it is worthwhile to review some thermodynamical properties of a system at 
equilibrium. 
In an infinitely large system with temperature T, the particle density is proportional to 
3 1 3 
d n ex: e(E-11-)/T ± 1 d p ' (1.5) 
according to Bose-Einstein statistics for bosons (minus sign) and Fermi statistics- for fermions 
(plus sign). Here 11 is the chemical potential, the energy needed to add one more particle 
in the system, 11 = dEjdN. For e(E-11-)/T » 1, which generally holds for heavy particles or 
in classical system in which the particle population per state is low, Eq. 1.5 reduces to the 
Boltzmann approximation 
(1.6) 
Let's first consider a high temperature system with a vanishing net baryon number. Assume 
that QGP is formed in such a system, so that we can treat quarks and gluons thermodynam-
ically as non interacting point particles. Equal numbers of quarks and anti-quarks require 
them to have a vanishing chemical potentials. Therefore the number density of quarks is 
given by integrating the fermion statistical distribution 
9q roo p2dp 0.9 3 
nq = nq = 21r2 lo eP/T + 1 -:::::: --:;;:gqT ' (1.7) 
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where gq is the quark degeneracy number. Gluons with vanishing chemical· potential as 
well, can be treated in the same manner as photons in an open system such as blackbody 
radiation. The number density of gluons is given by integrating the boson distribution, 
(1..8) 
where g9 is the gluon degeneracy number. Both the above integrations involve a Riemann 
Zeta function. The mathematical detail is found in Appendix B. Quarks have three colors 
and are spin 1/2 particles. If we consider only the two light quarks ( u,d), assumed massless 
in the above calculation, we get gq = 9ii = 12. There are a total of 8 types of gluons and since 
gluons are spin-1 massless particles, then g9 = 16. For QGP with T:::::::: 200 MeV we solve Eqs. 
1. 7 and 1.8 to get number densities of quarks, anti-quarks and gluons, nq = nii :::::::: 1. 7/ fm 3 
and n9 :::::::: 2.0/ fm
3 respectively. This is of course a very simplistic calculation. A more 
sophisticated analysis [19] has shown that the strong coupling constant 0: 5 ( O:s =0.6 at 1 
Ge V energy scale) should be considered, resulting in 
( 1.9) 
We will neglect the o:5 term (not necessarily small but constant) in subsequent discussions. 
The energy density of the quarks or anti-quarks is given by 
e: - ..!!..i_ {oo p3dp - ~ -;r2 T4 
q - 2-;r 2 Jo eP!T + 1 - 8 30 9q ' (1.10) 
and that of gluons is given by 
(1.11) 
For a QGP containing quarks and gluons, the energy density is then 
(1.12) 
with the degeneracy number 
(1.13) 
At T :::::::: 200 MeV, this gives an energy density of 2.54 Ge Vj fm 3 • For a system of massless 
particles, the pressure is simply 
1 7r2 ' ·r4 p = -e; = g- . 
3 90 
(1.14) 
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Recalling the phenomenological bag vacuum energy, B, in Eq. 1.3 we can obtain from Eq. 
1.14 the critical temperature at which such a system breaks up, 
90 1/4 
Tc = (-~-) B 114 "' 144 MeV . 
3111" 2 
Now let's briefly consider a relativistic pion gas. Since pions are bosons, we can just use the 
same formalism that was used for the gluons, namely Eqs. 1.8 and 1.11, to calculate the 
number and energy density of the pions. However we use a different degeneracy number. 
The degeneracy number for pions is 3, accounting for the three types of pions ( 7r+, 11"-, 1r0 ). 
At T ~ 200 Af e V, this leads to n1r "' 0.38/ fm3 and E1r "' 0.21 Ge Vj fm3. 
From dE= -PdV + TdS + J.LdN, with vanishing J.L in our case, we have an entropy density 
of 





Using Eqs. 1. 7, 1.8, 1.10, 1.11 and 1.14 we get 
( :~) ~ 0.03711"4 
boson 
(







for bosons and fermions respectively. The entropy needed to create a pion is ( ~ 3.6) in a 
pion gas. The entropy needed to create a quark or an anti-quark is ( ~ 1.4 units) and that 
for a gluon is ( ~ 1.2 units) in a quark gluon plasma. The difference in the entropy values 
between the QGP and the pion gas lies in the huge difference in their degeneracy numbers. 
The QGP has 37 degrees of freedom, while the pion has only 3. The entropy needed to 
produce all types of particles in the QGP is therefore much greater than that required to 
produce all types of particles in a hadronic pion gas. 
Now let's consider a quark matter with a high baryon density. Because of the asymmetry 
in the numbers of quarks and antiquarks, nq < < nq, the chemical potentials for quarks, J.Lq' 
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and for the antiquarks, Jlii = -Jlq, are not zero any longer. For simplicity we shall constrain 
ourselves to the extreme case, T =0, only. 
The quark density is given by 
9q [1-Lq 2 gq 3 
nq = (27!-)3 lo 47rp dp = 67r2 Jlq ' (1.19) 
Similarly, the energy density is 
gq 4 
!Sq = 87r2 Jlq 




/lq = --B . 
9q 
(1.20) 
To compress ordinary nuclear matter to produce the QGP, we need flu,d = 430 MeV and 
nB = ~nq = 0.7lfm3 , compared to /lu,d ~ 260MeVand nB ~ 0.17lfm3 in an ordinary 
nuclear matter. 
1.5 Signatures of QGP 
Many signatures of QGP have been proposed several years ago and the mostprominent ones 
are: 
1. Dilepton Production, 
2. J 11/J Suppression, 
3. Photon Production, 
4. Strangeness Production. 
The J I 1/; suppression and strangeness enhancement (e.g the J(+ I 1r+ ratio) have been seen in 
experiments. (For strangeness production and the J{ I 7r ratio, see Chapter 4). Unfortunately, 
no signature for QGP formation seems unique. It is unlikely that QGP will be created at 
current available energies in heavy ion collisions. However, heavy ion experiments at the 
Relativistic Heavy I on Collider (RHIC) at BNL, scheduled to start in the year 2000, will 
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open a new chapter on heavy ion physics research. There, thermal and chemical equilibrium, 
necessary steps towards QGP formation, will be expected. If a transition from hadronic 
matter to QGP takes place, dramatic differences in dynamical observables from a hadronic 
gas fireball and a QGP would allow us to ask if deconfinement of quarks is experimentally 
achieved, and if so, what the properties of the QGP are. 
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1.5.1 Motivations for t"hese QGP Signatures 
• Dilepton and Photon production 
The measurement of dileptons has always been emphasized as one of the most relevant probes 
to study the dynamics of relativistic heavy ion collisions. The argument is simple and was 
first proposed by Shuryak more than fifteen years ago [21]. Since the dileptons interact 
with the particles in the collision region only through the electromagnetic interaction, the 
interaction is not strong. Consequently the mean free path of the produced dileptons is quite 
large compared to the size of the system formed in these collisions; therefore once produced 
they can leave the interaction region and reach the detectors without any further interaction, 
carrying with them information about the conditions and properties of the matter at the time 
of their production. Dileptons can be emitted throughout the entire lifetime of the collision, 
from the hot early stages up to long after freeze-out time when hadrons cease to interact. 
However, since the emission rate is a strongly increasing function of the temperature, they are 
produced most abundantly at the early stages when the temperature and the energy density 
have their largest values, thus making them a potential signature of QGP formation. Of more 
interest is the identification of the thermal radiation emitted once the system reaches thermal 
equilibrium, during the expansion and cooling phases up to freeze-out. The thermal radiation . 
could tell us about the nature of the matter formed, the conjectured quark-gluon plasma 
(QGP) or a high-density hadron gas (HG). The motivation to search for direct photons is the 
same as for the measurement of the dileptons since real and virtual photons carry the same 
physics information. Single direct photons are therefore expected to be emitted as thermal 
radiation by the hot and dense matter formed at the early stages of the collision in analogy 
to the thermal dileptons. 
• J /'1/J Suppression 
The suppression of J / '1/J was one of the first predicted signatures of deconfinement [22]. The 
suppression results from the Debye color screening effect of the plasma. The Debye screening 
length is inversely proportional to the temperature. At high temperatures, the range of the 
attractive interaction becomes so small, and this makes it impossible for a cc pair, formed 
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in the initial hard collisions mainly via gluon fusion gg ----t cc, to form a J l'l/J bound state 
because the color screening radius will be smaller than the size of the J l'l/J. The cc pair 
separates into a c quark and a c antiquark in the plasma. The c quark and c antiquark 
subsequently hadronize by combining with light quarks or light anti quarks appearing later 
as two open charm mesons such as D( cu, and cd) and D(cu, and cd). If a quark-gluon 
plasma is formed in the region of J I 'lj; production, then the effect of the plasma will be to 
make the J l'l/J particle unbound, and the final yield of J l'l/J particles will be suppressed, as 
compared with the case when there is no quark-gluon plasma. Using the same picture, a 
stronger suppression is predicted for the 'l/;' which is less bound and has a radius almost twice 
as large as that of the J l'l/J. The suppression was also predicted to decrease with PT since a 
fast cc may escape the medium before forming the J l'l/J. 
1.6 Thesis Goals 
In this thesis, we study the particle production and the hadronic ratios. We investigate the 
dependence of the particle production and hadronic ratios on the size of the system. Of more 
interest will be the kaon production and the ](I 1r ratio. Mostly we compare the behaviour of 
the experimental information to the model expectations. However, in some cases we directly 
compare the experimental data to the model. 
The thesis is organized in the following way: In Chapter 2, the statistical formalisms to 
describe a hadronic gas with more emphasis on the canonical formalism is presented. In 
Chapter 3, the results of a hadronic gas model are discussed. In Chapter 4, the experi-
mental information in comparison to the hadronic gas model expectations is reviewed. The 
application of the hadronic gas model to the experimental data is made for comparison. 
Chapter 2 
Canonical Description of a Hadronic 
Gas 
2.1 Relativistic Statistical Thermodynamics of a 
Hadron Gas 
The subject of statistical thermodynamics in strongly interacting matter has been studied 
since more than twenty years ago [23, 24, 25). For a review see also [26). In high-energy 
hadron-hadron and heavy ion collisions, a hadronic matter which is hot and not in peaceful 
equilibrium is formed. This highly excited matter is called a fireball and is in a state of 
collective motion. Because this fireball is hot, one can use thermodynamics to describe 
its conditions and because it is not in total thermodynamic equilibrium, one should also 
consider relativistic kinematics. Thus, in order to describe what happens in high-energy 
ion collision one combines thermodynamics and relativistic kinematics. In order to apply 
equilibrium thermodynamics to this highly excited hadronic matter, an assumption is made 
that collective motions appear only in the direction of the collision axis and do not give rise 
to turbulence. Also one assume that heat motion is small and nearly independent of the 
collision energy. In this work, the hadron gas consists of .infinitely many components. Hence 
onetalks of strong interaction-s. The resonant states of strong interactions will also be treated 
15 
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as particles in their own right. Because particles can be created and absorbed one will have 
many degrees of freedom, even if the average number of created real particles is relatively 
small. Our system decays in about 10- 23 s and somehow equilibrium must be achieved in an 
even shorter span of time. This cannot go via many collisions among each other of already 
created secondaries. This equilibrium, if it exists, must therefore be something instantaneous 
and at least taking much less than 10-23 s to establish it. It turns out that particles seem to 
be created into pre-established equilibrium [25]. Relativistic statistical thermodynamics is 
applied in some parts of high-energy physics ranging from cosmology to particle collisions in 
the laboratory. Let us assume that our system has the requirements which lead one to use 
a thermodynamic description. 
2.2 Canonical versus Grand Canonical 
In the nonrelativistic limit particle numbers are conserved since the energies are small com-
pared to the masses of the particles. However, in relativistic heavy ion collision, where the 
space-time regions and number of particles involved are larger than in collisions of elemen-
tary particles and where it is hoped that the phase transition to quark gluon plasma might 
be observed experimentally, and where particles can be created from kineticenergy, it seems 
reasonable to further develop equilibrium thermodynamics. In this section we shall address 
ourselves to one particular question as done by Hagedorn and Redlich [27]. In particular we 
want to see when can one use canonical or/ and grand canonical treatment of conservation 
laws. In non-relativistic thermodynamics particle numbers are, in the absence of chemical 
reactions, conserved. Therefore the canonical N-particle partition function is essential. For 
an ideal gas it reads 
(2.1) 
where Z1 (T, V) is the one particle partition function. To go to the grand canonical partition 
function one introduces the fugacity A = exp(f..l/T). The grand canonical partition function 
Z(T,V,A) is then given by 
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Now only the average particle number < N > is determined : 
< N> = 
"';,N zN 
L..t N! 1 
(2.2) 
.\Z1 (T, V) . 
One only has to choose 
to obtain a prescribed particle number. 
In the case of relativistic thermodynamics, particles can be created from kinetic energy 
and thus the particle number N is not conserved. One cannot, therefore, use the canonical 
partition function for N particles. One uses the grand canonical partition function with ,\ = 1 
(after differentiations) or equivalently with the chemical potential f1 = 0 after differentiations. 
If there are K kinds of particles then one introduces an extra Ai for each kind i (Z =Z1 ..• ZK): 
K 
ln Z(T, V, .\1···.\K) = .L .\iz1i)(T, V) 
i=l 
(2.3) 
· In view of the above, we see that with respect to particle numbers we are forced, in relativistic 
statistical. thermodynamics, to use only the grand canonical formalism with all Ai = 1 (after 
differentiations). It is also clear that all conservation laws can be treated grand canonically 
by introducing a chemical potential for each conserved quantity. However, since conserva-
tion laws do impose constraints on particle production, with respect to conservation laws we 
have, in relativistic statistical thermodynamics, the choice between the canonical and grand 
canonical formalisms [24]. That is, in a relativistic system, where particle production and 
annihilation are possible, the concept of particle number conservation has to be replaced by 
conservation of quantum numbers. As pair production (at quark level language) is a generat-
ing process for strangeness, the following internal conservation law of hadronic matter has to 
be taken into account : conservation of electric charge, baryon number, and strangeness: In 
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view of the fluctuations inherent in statistical thermodynamics it seems necessary, however, 
to use the canonical formalism and compare the results. In our calculations, the canonical 
case is extensively discussed and the results are compared to the grand canonical case. The 
use of canonical formalisms has been considered by many people [28, 29, 30, 31, 32). We 
neglect quantum statistics. Thus we assume tempera~ure and density regimes such that 
all particles can be treated as Boltzmann particles. The generalization to quantum statis-
tics is straight-forward but the formulae are much more complicated. For the inclusion of 
quantum statistics see for example [33, 34, 35). For the temperatures to be considered later 
the distinction doesn't play any role. We also neglect interactions, thus dealing with ideal 
Boltzmann gases. In our calculations we presently do not include eiectric charge since the 
computation becomes complicated (but for a system which is symmetric in the number of 
neutrons and protons, it is a simple case). It was shown [34) that isospin conservation in pp 
annihilations leads to certain changes in the statistical distributions, which can be accounted 
for by changing the volume, and/or temperature of the fireball. It is also easy to incorporate 
charge conservation in the grand canonical formalism than in canonical formalism in terms of 
computation. Our considerations are for the gas which is composed of all resonances found 
in the Particle Physics Data Book [36]. We shall consider the gas which contains particles 
with strangeness quantum number up to s±3· 
2.3 Exact baryon number (B) conservation 
It was shown by Hagedorn [23) many years ago that the production of heavy particles in 
high-energy proton-proton collisions calls for the use of the canonical ensemble. In particular 
he showed that the production of 3 He is wrong by seven orders of magnitude when the grand 
canonical ensemble in its standard form is used. It is known that the number of kaons as 
well as the number of heavy antibaryons being produced in nucleon-nucleon collisions is too 
small. In view of this, Hagedorn argued that in order to produce a heavy particle like 3 He, it 
is necessary to produce an extra three nucleons in order to have baryon number conservation: 
Thus 
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where X could be anything. 
-~ 
~
The number of produced anti-hel,ium-3 is ex e T where T is "' 150-160 MeV, and this is 
~ e-18 which is very small. So the Boltzmann factor which determine the number becomes 
effectively : 
exp( -6mN /T) , 
instead of 
exp( -3mN /T) , 
as would be appropriate for 3 He. Thus one should have at least 3 more protons in addition 
-- -6mp 
to the original two. Hagedorn showed that one would then have the number of 3 He "' e r 
which gives the correct answer. 
Thus there should be net baryon number conservation: 
p+p ~ 3He+p+p+p+p+p 
On the right hand B = 2 and on the left B = 2. 
We start with the simple case of the p+ p and p+ p collisions. For p+ p collision one considers 
a gas of one sort of baryons and antibaryons with baryonic charges ±1 respectively. The net 
baryon number B = N(baryons) - N(antibaryons) is conserved, while Nand N individually 
are not. In order to control B we introduce a baryon fugacity AB (or correspondingly the 
baryon chemical potential f.LB) exclusively related to conservation law. Since the one particle 
partition function depends only on the temperature, T, volume, V, and the mass, m, of the 
particle, it is the same for particles and antiparticles. 
From the statistical trace 
[ ~] Z =Tr e- r , (2.4) 
and using the "Kronecker delta" or rather the integral representation of the 8 function~ 
8 = _..!:.__ r27r drf;ei(n-m) 
n,m 27r Jo ' 




1!' fo 27r drf;e-iB<hexp(Z~ei<h + Z~e-i<h) , (2.5) 




Z~(T, V) = V (
2
1r)3 e-7 . 
Thus the way of incorporating baryon quantum number conservation in statistical mechanics 
is to restrict the statistical trace to only those states having the required quantum number( s). 
This may be done by defining the Restricted Partition Function, 
Za(T, V) = 2~ 1
2
7r dcf>exp( -iBcf>)Z(T, V, cf>) , 
where B refers to the fixed (exact) overall Baryon number the gas possesses and Z(T, V, <P) 
is the function obtained by substituting c/> = -if3JL in the usual statistical trace. Here J1 is 
the chemical potential conjugate to the conserved charge(s). For a brief review of the above 
result see for example [37] and [38]. 
1 
1
2tr . oo (Zl)nein¢ oo (Z.~)me-im¢ 
Z B = - dcf>e _,B 4> E P I E ---'-'P-'--.,------
27r o n=O n. m=O m! 
oo (Zl)n oo (Zl)m 1 la2tr E _P
1
_ E ~- dcf>e-iB4>+in¢-im4> 
n=O n. m=O m. 27r 0 
Replacing n by m + B (recall n- m =B) we get, 
Za = f 1 (Zt)m+B(Z.!)m 
m=O m!(m +B)! P P 
- (Z~)B fa m!(m1+ B)!(Z~Z~)m 
Using Eq. (9.6.10) of [20], i.e using Bessel Functions of the form , 
_ (~ )v oo (~z2)k 
lv(z)- 2z E k!r(v + k + 1) ' 
we can see that 
(z)B 
00 (~z2)m 
Ia(z) = 2 ~o m!(m +B)! . 
and this allows us to write the general expression of Z B in terms of I 8 as 
1 8 
la (2{Zfif) 
Za = (Zp) (Z~Z[i)B/2 ' (2.6) 
where we have made use of 
- = Jztz.!. "' p p . 
Assuming z; = ZJ , we get 
(2.7) 
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2.3.1 Particle Number for the case B=O 
We now want to find the number of particles in the canonical ensemble and compare this to 
the grand canonical case. Here the number of particles equals the number of anti-particles. 
Canonical 
We use Eq. 2.6 with B = 0 and introduce a chemical potential, which is set to zero after 
differentiation. Thus 
The average proton number is then given by 
(2.8) 
We obtain the following expression after differentiation (and noting that ddJ o( z) = !1 ( z) ) 
For Z 1 = Zl. p p , 
(2.9) 
Since< Np >- < N'P >= B = 0, 
< NP >=< N'P > . 
Grand Canonical 
Considering the proton part for B = 0, the grand canonical partition function is given by, 
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V (271')3 e T • 
(Recall: < Np >=< NP >==} f-lp = 0 . ) 
Particle Number for the case B > 0 
(2.10) 
This case implies that one is now dealing with the number of particles greater than the 
number of antiparticles. 
Canonical 
Again starting with the expression for ZB, 
and introducing a chemical potential /-lp (which is set to zero after differentiations) in the 
expression, one finds the average number of protons evaluated as before by 
which gives 
For Z 1 = Z.! 
p p ' 
(2.11) 
Similarly, for antiprotons 
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Grand Canonical 
For the case where B ~ 0, one has now baryon chemical potential f-LB. The average particle 
numbers are given by, 
(2.12) 
(2.13) 
where now f-lB is given by 
This result can be generalised not only for the gas of protons and antiprotons, but also for 
other non-strange baryons and mesons. The inclusion of non-strange mesons in addition to 
the proton-antiproton gas e.g pions would lead us to the partition function expression 
(2.14) 
and as before, 
z; .-
which is nothing else but 
And if one adds the non-strange baryons e.g the deltas one has as the expression for the 
partition function 
(2.15) 
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where Z1 = Zi + Z1 and Zt = Z# + Zt . 
Continuing like this one can include all the non-strange baryons and mesons with 
Z1 Zi + Zl + Z1. + Z).,. + Z~ + · · · , for non-strange baryons; 
Z1 Z# + Z~ + Z~. + Z~. + Zrr + · · · , for non-strange anti-baryons; 
ZM = z'Tr + Zp + Z¢ + ... ' for non-strange mesons; 
and we get the general expression 
(2.16) 
Actually, the one particle partition function for a particle i is generally written as 
l p _ yrT"'; 
J d
3 ~
zi = gi ( 27r )3 e T ' (2.17) 
where gi is the degeneracy and mi is the mass of particle i, (e.g degeneracy for ~ is 4 x 4 = 
16.) 
The general expressions for the mean particle number in the canonical and grand canonical 
ensembles can be written as before . 
. In the Canonical ensemble 
(2.18) 
as before, Zi is the one particle partition function for particle i, and Z1 is the sum of all one 
particle partition functions for all particles of the same baryon quantum number as particle 
i (and in this case it implies all B+1 and So) and again since the one particle partition 
function depends on T, V, and the mass of the particle it is therefore the same for particles 
and antiparticles. Z0 is the sum of all partition functions of particles with baryon quantum 
number 0 and strangeness 0 (i.e B0 and S0 ) which are the non-strange mesons. Thus we talk 
of all non-stange baryons and anti baryons of B±1 , where 
z. = z-,. 
' ' ' 
and 
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and where 
In the Grand Canonical ensemble 
< N f > = Z; · exp (- ';;) Z0 , (2.19) 
where now 
/-LB = Tsinh- 1 ( 2~J · 
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2.3.3 Results of Canonical vs Grand Canonical Ensembles 
The results of the canonical versus grand canonical ensembles are shown in figures 2.1, 2. 2 
and 2.3. Figure 2.1 shows the ratio of the number of protons in the canonical ensemble N:=o 
to the number of protons in the grand canonical ensemble Nff0 for the case of vanishing net 
baryon number as a function of the radius of the gas. One sees that as the volume grows, 
the ratio rises until it starts to saturate at the radius, R :::::: 7 fm. In nuclear collisions, the 
temperature and baryon chemical potential reached may vary depending on the conditions 
of the collisions. As figure 2.1 shows, the dependence on this variable is small. However, in 
(.) 
t:l a. z 
Canonical(exact B)/Grand Canonical 
1.0r--T~~~~~~~~~~C=~~~~ ---
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Figure 2.1: The ratio 7Joc as a function of the radius of the gas. 
p 
contrast, the dependence on the reaction volume is significant. Figure 2.2 shows the ratio 
::lc as a function of the radius of the gas for any B, and Figure 2.3 shows the ratio of the 
p 
number of antiprotons in the canonical ensemble to the number of antiprotons in the grand 
canonical ensemble for any B. It can be seen that for smaller values of the gaE? volume and 
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Figure 2.2: The dependence of ::!c ratio on B is plotted as a function of the radius of the 
p 
gas volume. 
baryon number there are substantial deviations from the grand canonical ensemble. Here in 
Figs. 2.2 and 2.3, one notices that at smaller values of the radius, R:::; 4 Jm, the dependence 
of the ratios in B is very strong. However at large volumes, R ~ 7 fm the deviations are 
negligible. Thus when the radius of the gas is larger than about 7 fm and the baryon number 
B is larger than 30 (where the deviations to grand canonical are within the error of 5% ), 
finite volume corrections are negligible and it is therefore justified to use grand canonical 
ensemble. 
The behaviour of the figures 2.2 and 2.3 at the lower volume limit can be explained analyt-
ically. This is discussed below. 
• The Small Volume Limit, V---+ 0 
28 CHAPTER 2. CANONICAL DESCRIPTION OF A HADRONIC GAS 
Canonical(exact 8 /Grand Canonical 
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Figure 2.3: The dependence of :Jc ratio on B is plotted as a function of the radius of the 
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gas volume. 




X= 2JZ1 Z..!. 
p p ' 
z~ = z~ , 
1 
X= 2Zp . 
(2.20) 
(2.21) 
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Using Eq. 9.6.7 of [20] we have for a fixed B 
l~IB(x) = (~x )B jB! , 
and therefore 
. B_~ [(~x)B+1j(B+1)!] 
hm NP - x ( 1 )BjB' x-+O 2 2x . 
In the standard Grand Canonical ensemble, we have for the protons and antiprotons 
Nac = V j d3p e-Ep/T+Il-8 /T 
p (2?r)3 ' 
Recalling 
N - N- = B = V j d3p e-Ep/T [eJ.LB/T- ellB!T] 
p p (2?r)3 ' 
and using the identity ~[ez- e-z] =sinh z, where 
1 
lim sinh z = -ez 
Z-+00 2 
we get to the following expressions 
lim [ellB/T- ----::::-B---] 
v ...... o - Vf _}!_p_e-E/T ' 
(2·n-)3 
Thus in the small volume limit 
. GC _ _!._ [ J d3p -E/Tl 2 l~Ni> - B V (2?r)3e ' 
and the ratios can be found from the following expressions 
NB r p - 1 
VI~ NGC- ' 
p 
NP B · 
lim-P-=--
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2.4 Exact strangeness ( S) conservation 
Strangeness conservation is also considered, especially in the case where one wants to treat 
baryon number grand canonically, and strangeness exactly (i.e treating strangeness canoni-
cally). This has been done for example by [39, 40]. 
2.4.1 Strangeness 0,±1 
Let's start with the simple case where only particles carrying strangeness zero and ±1 are 
present. The partition function for this case is given by 
(2.32) 
where 5_ 1 stands for the sum of all single-particle partition functions of all particles having 
strangeness -1 : 
and 51 stands for the sum of all single-particle partition functions of particle with strangeness 
+1 : 
and 50 is the sum of all single-particle partition functions of particles with strangeness zero. 
As an example, we quote the explicit form of ZA assuming Holtzman statistics : 
(2.33) 
with J-lB being the baryon chemical potential. It is clear from the above equation that baryon 
number is being treated grand canonically. This is necessary because the baryon density is 
varying very strongly as a function of final state products. In the central rapidity region 
for example, it is known to be zero. To calculate the partition function in Eq. 2.32 more 
explicitly, we expand each term in the power series : 
1 0000 11 
Z1 = Zo7) J d<P L 2: ,-, . s~ 5~1 exp(im<P) exp( -in<P) ' 
~7r m=O n=O n. m. - -
(2.34) 
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where Z0 is the standard partition function for all particles having zero strangeness. Per-
forming the integration over <P we are left with : 
(2.35) 
which is the result of [39) similar to that of [40). 
In each term of Eq. 2.35 one sees explicitly strangeness conservation at work. This is so 
because each term in the sum is the product of strangeness +1 multiplied by strangeness 
-1. The series in Eq. 2.35 converges to a modified Bessel function . 
Z} = Zolo(xt) , (2.36) 
where XI - 2J sl S-1· As an example, we quote the density of kaons deduced from the aboye 
expressiOn 
Since the kaon contains an anti-strange quark, it has to be compensated by a hadron con-
taining a strange quark. This is explicitly shown in Eq. 2.35 by the presence of the factor 
S1 , all other factors balance the number of anti-strange hadrons. The expression should be 
compared to the standard result in the grand canonicalensemble, 
The difference being that one sees explicitly, that for every kaon produced, the system 
must also contain a particle with opposite strangeness, so as to conserve the overall zero 
strangeness of the system. 
2.4.2 Strangeness ±2 
For a gas containing particles having strangeness 0, ±1 and ±2 the partition function be-
comes, 
(2.37) 
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where s2 stands for the sum of the single-particle partition functions of particles having 
strangeness + 2 , 
and correspondingly, s_2 is the sum of all single-particle partition functions of particles with 
strangeness -2 , 
S2 = Z:::.- + Z:::.· + ... 
One sees that, in order to produce a :=: hyperon one has to match it with two particles having 
strangeness -1, or with one anti-hyperon. 
2.4.3 Strangeness ±3 
Finally, we consider here the most general case where particles with strangeness ±3 are 
included in the hadronic gas. The partition function reads : 
where s3 stands for the sum of the single-particle partition functions of particles having 
strangeness +3 : 
S3 = Z0 _ + ... 
IJ 
and s_3 stands for the sum of the single-par-ticle partition functions of particles having 
strangeness -3 : 
S-3 = Zn- + ... 
Proceeding similarly as in the previous example, one can calculate the particle number 
densities for different strange particles. For the results see for example [39, 40]. 
In the case where one considers a gas with arbitrary strangeness, the partition function given 
by Eq. 2.32 is generalized to the following form , 
(2.39) 
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where Sk is the sum of the single particle partition functions having strangeness k. Using 
the symmetry properties of the integrand in the above equation, the partition function Zf 
can be written as 
(2.40) 
This form shows explicitly that Zf is a real quantity. However, due to the cos terms under 
the integral, the numerical evaluation of the partition function and different particle numbers 
is not easy. 
2.4.4 Strangeness in pp gas 
Figure 2.4 shows the dependence of the correction factor ry on the volume in units of Vh for 
different temperatures and associated chemical potential taken from [40]. It can clearly be 
seen that the behaviour is the same as for our results. 
hodronoc 
phose 
Figure 2.4: The quenching factor ry as a function of the reaction volume in units of Fh 
t7r(lfm)3 , for two temperatures [40]. 
The correction factor (or the quenching ratio) is the coefficient of pair production, < N r. >, 
p 
for pp where < NP >=< Nf> > in the canonical formalism as considered before. And in 
the case of [40] this quenching ratio, ry = I1 (,;4Y)jl0 (yf4Y), where y = >.z;(T, F)Z~(T, F). 
Thus one quickly sees that yf4Y is nothing else but the argument x of the Bessel function in 
our formalisms where X is explicitly defined. It is shown [40] that the relative strangeness 
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production is also suppressed by this quenching factor which depends on the reaction volume. 
Thus the reaction volume plays an important role in modifying the statistical thermodynamic 
predictions for strangeness production. One would therefore expect strangeness enhancement 
in heavy ion collisions relative to proton-proton collisions. Thus, in heavy ion collisions where 
we hope to achieve large volumes, the usual statistical result will be recovered. However for 
the reaction volumes of the order of hadronic size, substantial suppression of the production 
rates of particles is seen. 
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2.5 Simultaneous Baryon Number and Strangeness 
Conservation 
The starting point of the analysis is the partition function for a free, pointlike gas, subject to 
the constraints of conserved baryon number B and strangeness S as presented by Hagedorn . 
and Redlich [27]. The partition function differs from the one considered in the previous 
sections in that now two quantum numbers Q1 ,Q 2 are conserved simultaneously and so two 












" d¢exp(-iQ2</J) · Z(T, V,¢>,'ljJ). 
' 21r lo 1r lo 
The methods of exact overall quantum number conservation for the cases where the gas 
is composed of particles having baryon number ±1 and strangeness ±1, ±2, ±3 will be in-
vestigated in this section. These quantum numbers correspond to the charges Q1 and Q2 
above. 
2.5.1 Baryon quantum number ±1 and Strangeness ±1 
The canonical partition function Z1,s(T, V) (where the subscripts imply that B and S are 
exactly conserved and the superscript refers to the case where only particles with strangeness 
= ±1 are included) is given by; 
Z1 s(T, V) = Zo~ ( 2" d'ljJe-iS7/J ~ ( 2" d</Je-iBr/> 
' 21r lo 21r lo 
· exp[ZK( exp( i'lj;) + exp( -i'lj;) )] 
(2.41) 
·exp[ZN(exp(i¢) + exp(-i¢))] 
· exp[Zy(exp(i(¢- 'lj;)) + exp( -i(¢- 'lj;)))]. 
Here Zi(T, V) is the sum of all the one particle partition functions having the same quantum 
numbers as i. Explicitly one has 
ZK Z}( + Zl. + · · · , 




and 9i is the degeneracy factor and I< 2 ( x) is the modified Bessel function of order 2. Thus 
one has for the partition function 
1 1211" 1 1211" Z1 8 (T, V) = Zo- d'lj;exp(-iS'lj;)- d<fiexp(-iB<P) ' 21!' 0 21!' 0 
(2.43) 
· exp[2ZK cos( 'ljJ) + 2ZN cos( <P) + 2Zv cos( <P- 'ljJ )] 
Zo is the partition function for all particles with zero baryon quantum number and strangeness 
quantum number, e.g pions. 
The <P and 'ljJ integrals in Eq. 2.43 do not factorize because the hyperons have both baryon 
quantum number and strangeness quantum number, hence the factor cos( <P-'l/J ). To decouple 
the integrals, we introduce a new angle a defined to be <P- ¢, and introducing a 1 in a form 
of a delta function 
f21r 
1 = Jo da8(<P- 'ljJ- a), 
the partition function then becomes 
{211" 
· lo da exp[2Zv (T, V) cos a]8( <P - 'ljJ - a) . 
We make use of the following (Fourier expansion) representation of the delta function 
1 00 
8(x) =- L exp(inx). 
21r -n=-oo 
Choosing the variable x to be <P - 'ljJ - a one obtains; 
· exp[2Zg cos 'ljJ + 2ZN cos <P + 2ZY cos( <P- 'ljJ )] (2.44) 
00 1 f27r · L - Jo da exp( in( <P - 'ljJ - a)) . 
n=-oo 21!' 0 
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This can be rewritten as 
Z1,s = Zo nf;oo l 27r d<f>e-iB</>-in<l> exp[2ZN(T, V) cos 4>] 
·J_ {
2




7r e-in<l>exp[2Zy(T, V)cosa] . 
27r Jo 
Using the integral representation of modified Bessel function of order n 
1 127r In(x) =- dOexp(xcosO)exp(-inO) , 
27r 0 
where we have made use of Eq. (9.6.19) of (20] which is 
In(z) = !_ r ezcose cos(nO)dO , 
7r Jo 
the final expression for the partition function reads 
00 




Now that we have the canonical partition function for a gas with two conserved quantum 
numbers, what then left is to find the particle numbers. In the usual canonical formalism 
where these quantum numbers are not conserved, the particle numbers are fixed by con-
struction. But in our case, the quantum numbers involved are fixed ( i.e exact ). The mean 
particle numbers are obtained by introducing an additional chemical potential for each par-
ticle sort and then making use of the grand canonical formalism to project them out. That 
lS , 
(2.4 7) 
Thus to calculate the multiplicity of particle i we simply separate, for this species, the 
particle and anti-particle term, and multiply the relevant one by the chemical potential fL, 
differentiate and put 11 = 0 afterwards (this has to be done so that one remains in the 
canonical formalism). And since all other particles are not involved we leave their terms as 
they were. 
This method leads to the following expression for the mean particle numbers : 
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2.5.2 
< NK > 
K 
< Nv > v 
Zo Zk(~, V) t Is-n±l (2ZK )IB+n(2ZN )In(2Zy) 
n=-oo 
Z 1 (T V) oo 
Zo N Z' 2:::: ls-n(2ZK )JB+n:r-1 (2ZN )In(2Zy) 
n=-oo 
Z 1 (T V) oo 
Zo y z' 2:::: ls-n(2ZK )IB+n(2ZN )ln±l (2Zy) 
n=-oo 
Baryon quantum number = ±1 and Strangeness 
(2.48) 
±2 
We now consider a gas which includes particles and antiparticles of strangeness quantum 
number =f2 respectively, and in particular we now include :=: and :=:. 
In this case the partition function is given by 
Z2 (T V) Zo _!_ 1271" d·l·e-iS1/J _!_ 1271" d"'e-iB<P BS ' = 'f' 'f' , 27r 0 27r 0 
· exp[2ZK cos 1/J + 2ZN cos</>] (2.49) 
· exp[2Zy cos(¢> -1/;) + Z=.( ei<P-2i1/! + e-iH2i1/J)] . 
The Z:::. term in the partition function now contains the angle 21/;. The integrals in this ex-
pression can be reduced to the ones considered previously, by using the Generating Function 
of the modified Bessel functions In. That is, using Eq. (9.6.33) of [20] which is 
00 
etz(t+l/t) = I: tk h(z) (t =/= 0) . 
k=-oo 
We use the following notation : 
exp [~(t + 1/t)] = m~oo tm Im(x) 
Setting x = 2Z::. and exp( i( ¢> - 21/;)) = t, the partition function above in Eq. 2.49 can be 
written as , 
z~,s Zo- d1/;e-iS1/!_ d</>e-tBr/> 
1 1271" 1 la271" . 
27r 0 27r 0 
· exp[2ZI< cos 1/; + 2ZN cos</>+ 2Zy cos(</> -1/; )] (2.50) 
00 
· L Im(2Z=.)exp(im(</>-21/;)). 
m=-oo 
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Introducing the .delta function to decouple rP and 'lj; again one obtains 
Z1 5 (T, V) , 
m=-oo 
00 1 {21f · 2::: - Jo d'lj;e-i(S-n+2m),P exp[2ZK cos 'lj;] 
n=-oo 271' 0 
.__!_ {
2
1f drPe-i(B+n-m)r/> exp[2ZN cos <PJ 
27r lo 
1 la21f . ·- dae-ma exp[2Zy cos a], 
271' 0 
and thus the partition function in terms of Bessel functions In reads , 
00 00 
m=-oo n=-oo 
The mean particle numbers obtained from this function are given below : 
(2.51) 
(2.52) 
Zo Z}((~, V) f lm(2Z::.) f ln±I-S-2m(2ZK) · ln+B-m(2ZN )In(2Zy) 
m=-oo n=-oo 
< N~ > 
2.5.3 Baryon quantum number ±1 and Strangeness = ±3 
This is the most general case since now all the particles of the hadronic spectrum may 
be included in the gas. Here we also include the particles and antiparticles of strangeness 
quantum number =t=3, and in particular the n- and n-. 
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As before one has the expression of the partition function in its integral form 
Z3 (T V) Zo_!_ 1271" d·'·e-iS'I/1 _!_ 1271" d).e-iBr/1 BS ' = '!-' 'P , 27r 0 27r 0 
00 1 {271" . L - Jo daein(r/>-1/1-cx) 
n=-oo 27r 0 (2.54) 
· exp[2ZK cos 1/;] exp[2ZN cos <P] exp[2Zv cos( <P- 1/;) 
· exp[2Z=: cos(¢>- 21/;) + 2Zo cos(¢>- 31/; )] . 
Likewise the term Zo contains the angle 31/;. Performing the integrations like before one 





The expressions for particle numbers follow : 
< Nf{ > 
K 
< NN > 
N 
< JVy > v 
< N~ > 
< Nn > 
IT 
Zo ZJ:(T, V) f JI(2Zo) f Im(2Z=:) 
Z 1=-oo m=-oo 
00 
n=-oo 
Z0Z}v(~, V) f JI(2Zo) f lm(2Z~) 
1=-:-oo m=-oo · 
00 
n=-oo 
Zo Z}(~, V) f JI(2Zo) f Im(2Z=:)_ 
. ~-oo m=-oo 
00 
n=-cx::> 




Z0 Zh(~, V) f JI(2Zo) f Im(2Z=:) 
1=-oo m=-oo 
00 
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It is found that. the series considered in Eqs. 2.48, 2.53 and 2.56 converges rapidly. Only a 
few terms of the index n, m, l were necessary to obtain accurate results. For a given value 
of B it was sufficient to sum from - B- nmax to B + nmax, where nmax is the index n, m, l. 
It was seen that only nmax = 10 was sufficient for the convergence when small values of Bare 
used. However when B increases drastically to values of about 100 it was found that rimax 
becomes small for convergence and thus it was necessary to adjust nmax for convergence. 
This section concludes the derivation of the partition function and particle numbers in the 
exact baryon and strangeness formalism. The results will be used in the next Chapter( s) on 
Hadronic Gas Models where particle numbers and particle number ratios will be predicted. 
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Chapter 3 
The Hadron Gas Model 
3.1 Introduction 
The Hadron Gas Model tries to model, amongst other things from the experiments performed 
at the accelerators, the particle numbers produced at certain projectile energies and chosen 
targets. ln this model, one wants to describe the state of final interactions of the resulting 
fire-ball at freeze-out in a thermal and chemical equilibrium scenario. It should be noted, 
however, that we are dealing with processes occurring in very small volumes (of the order of 
a few nuclear volumes) and happening in a very short period of time. An interesting question 
would be whether one can really model the observed particle numbers in this equilibrium 
statistical picture. We expect the prediction of statistical mechanics to apply in the infinite 
volume limit. On the other hand trying to simulate nuclear collisions with nonequilibrium 
thermodynamics is not an easy task to handle, as one has to know the cross-section for each 
possible process in order to construct the rate equation. In this work, the equilibrium scenario 
will be assumed. By using the statistical modelling of particle production, we try to find 
whether the observed particle numbers can be accommodated in a thermodynamical picture 
of a free (or at least nearly free) relativistic gas, and to find out about the process itself 
(i.e temperature of the gas, and baryon density, etc). Information about the volume of the 
fireball system can be obtained from the interferometric method using particle correlations. 
The baryon chemical potential f.lB used in grand canoniCal models can be found by fixing 
43 
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the net baryon number, B, or the baryon density BIV. The overall zero strangeness of the 
gas fixes the strange chemical potential /-lS· Thus, in principle, all the parameters needed 
for the free gas models are available from experiment. In this work, all parameters are fitted 
to reproduce the observed particle yields and ratios and none have been extracted from 
the experiment. The measured particle spectra made a great experimental support for the 
thermodynamic picture (41]. 
3.2 mr scaling 
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Figure 3.1: mT scaling: plots of 1lpTdN/dpT as a function of mT- mo (42]. Note that 
1 I PTdN I dpT is plotted because of the small rapidity intervals. 
The plots of m'T3 / 2 dnl dmT vs mr, where mr is the transverse mass normalized to mT = m 
for all particles, shows the exponentially decreasing trend as predicted by the differential 
Boltzmann equation, Fig. 3.1. If all particles from a thermalized source show the same 
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behaviour in their mr spectra then this will be a good proof that thermal models provide a 
good approximation to the particle production rates observed in collisions and that a common 
temperature may be used to describe all the species in the gas. Also, an interesting plot will. 
be a plot of m].312 dn/ dmr vs mr- m 0 , and here too the behaviour of thermalisation is seen, 
except for pions which have a steeper tail at low pr, indicating a lower temperature, Fig. 3.1. 
Note that when the rapidity window of the collected data is small we plot dnjdydmr vs mr 
-mx 
which behaves as exeff with Teff = Tjcosh(y- YFB)· (See Appendix F). 
3.3 The Hadron Gas Model 
The formalism of the Hadron Gas Model was outlined in the previous Chapter. In statistical 
physics, there are three formalisms which one can use incorporating baryon number and 
strangeness conservation: 
• grand canonical. Variables are f.LB, f.Ls, T as used in [43]; 
• mixed canonical. Variables are f.LB, S, T as used in [39]; 
• canonical. Variables are B, S, T, V as used in [31]; 
where f.LB is the baryon chemical potential and f.Ls the strange chemical potential. S is the 
overall strangeness of the gas, B is the net baryon number, V the volume of the gas and T 
the temperature of the gas at freeze-out. In this work the canonical formalism where baryon 
number and strangeness are exactly conserved will be considered and the result can always 
be compared to the grand canonical approach. The partition function is 
Z = Tr e x . [ 
-(E-I'N)] (3.1) 
The chemical potential governs only the conserved quantities and not the particle numbers 
as a whole. Thus the grand canonical formalism explicitly deals with conserved quantities 
of a given species. Pions do not carry either strangeness or baryon number (and hence are 
not assigned a chemical potential) and are produced proportional to the (temperature f In 
this model, a basic assumption of equilibrium statistical mechanics is made. That is, the 
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relativistic chemical equilibrium exists. This means that chemical reactions are taking place 
at the same rate in both forward and reverse directions. Thermalisation means that the 
particles produced in the fireball have interacted sufficiently so that a common temperature 
may be used to describe all species in the gas. Also, for thermal equilibrium it will mean 
that the particles' momenta are distributed according to the equilibrium statistical mechanics 
and chemical equilibrium means that the abundances are dictated by the particle's statistical 
weights. The question whether thermalisation indeed has occurred has been addressed by [44, 
45]. It was found that by using the equilibrium statistical model with hadronic interactions 
incorporated in a mean field way, the WA85 and NA35 data could be reproduced, except for 
the pions where the models predicted less than was observed. The thermalisation question 
has recently also been addressed by [46, 47], see Table 3.1, 3.2 and 3.3. These tables show 
how good the Hadronic Gas Model is in predicting the number of hadrons produced and the 
hadronic ratios in heavy ion collisions. For a review on the application of the hadronic gas 
model on Si- Au collision, see [48]. 
Table 3.1: The abundances of Hadron Species in Si- Au collisions at the AGS (Thermal 
parameters: T = 110 ± 5 MeV, JlB = 540 ± 20 MeV) [46]. 
Particle Species Experimental Numbers Thermal Numbers 
nucleons 94 94 
piOns 120 133 
kaons 14 17 
hyperons 14 12 
antikaons 3 4 
:=:'s 2 1 
<P's 2 X 10-1 2 X 10-1 
anti nucleons 4 X 10-2 6 X 10-3 
anti hyperons 3 X 10-2 4 X 10-3 
The basic assumption of these models is that the system is described by a grand canonical 
ensemble of fermions and bosons in equilibrium at a freezeout temperature, T [4 7]. In 
addition to these models, the isospin symmetry of the initial state was taken into account 
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Table 3.2: Ratios of Hadron species in Si- Au collisions at the AGS (Thermal parameters 
T = 110 ± 5 MeV, f-LB = 540 ± 20 MeV) (46]. 
Particle Ratio Experimental Ratio Thermal Ratio 
11+jp 0.80 ± 0.08 0.87 ± 0.15 
J(+ j11+ 0.19 ± 0.02 0.21 ± 0.02 
J(+ I K- 4.40 ± 0.40 4.51 ± 0.62 
Ajp 0.20 ± 0.04 0.16 ± 0.02 
/{- /11- 0.035 ± .005 0.038 ± 0.006 
=.-I A (1.2±0.2) X 10-l ( 4.9 ± 0.5) X 10-2 
¢>j11+ ( 4.5 ± 1.2) X 10-3 ( 4.6 ± 1.3) X 10-3 
pjp (4.5 ± 0.4) X 10-4 (7.2 ± 6.3) X 10-5 
A/A (2.0 ± 0.8) X 10-3 (3.4 ± 3.0) X 10-4 
· (46]. These models were used to compare to the data from CERN-SPS and BNL-AGS. 
Finite size effects incorporated by modifying the phase space volume element to include 
surface and linear terms in the momentum distribution were found to be sma11 because the 
volumes were of the order of 103 fm 3 . That the system becomes thermalised seems to be a 
weaker requirement than the chemical equilibrium; the time scales for the two processes are 
very different. It seems plausible that thermal equilibrium is attained far more rapidly than 
chemical equilibrium. For thermal equilibrium one requires an interaction between particles 
of any type whereas for chemical equilibrium certain reactions are required for which there 
may not be enough time for the full equilibrium to be attained. However, the success of 
these models in predicting observables gives one faith in the statistical picture, provided 
that it includes the basic physical requirements: baryons are extended objects and volume 
corrections play an important role in fixing e.g. the baryon density (see Appendix H). It 
is unrealistic to use point-like particle expression when dealing with extended objects. For 
temperatures of the order of hundreds of MeV's, resonance production and decay into pions 
and kaons must be included as basic ingredients. It is important to note that because 
hadronic gas models presuppose equilibration, both chemical and thermal, all information 
i 
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Table 3.3: Hadronic Ratios in Si - Au Collisions at the AGS. (Thermal parameters: T = 
120 MeV, and T = 140 ± 5 AfeV, fiB= 540 MeV) [47]. 
Ratio Thermal Model: 120 MeV Thermal Model: 140 MeV Experimental Ratio 
7rj(p + n) 1.29 1.34 1.05(5) 
dj(p + n) 4.3 X 10-2 5.8 X 10-2 3.0(3) X 10-2 
pfp 1.47 X 10-4 5.8 X 10-4 4.5(5) X 10-4 
J(+ I 7r+ 2.3 X 10-1 2.7 X 10-1 1.9(2) X 10-1 
J(- /7r- 5.0 X 10-2 6.2 X 10-2 3.5(5) X 10-2 
J(O s/1r+ 1.4 X 10-1 1.6 X 10-1 9.7(15) X 10-2 
J(+ I K- 4.6 4.3 4.4( 4) 
Aj(p+n) 9.5 X 10-2 1.1 X 10-1 8.0(16) X 10-2 
A/A 8.8 X 10-4 3.7 X 10-3 2.0(8) X 10-3 
<P/(1{+ + /{-) 2.4 X 10-2 3.6 X 10-2 1.34(36) X 10-2 
=.-/A 6.4 X 10-2 7.2 X 10-2 1.2(2) X 1Q-l 
djp 1.1 X 10-5 4.7 X 10-5 1.0(5) X 10-5 
about the early history of the fireball is lost. The predictive power of the models is restricted 
to the very last instance of the fireball's existence: the freeze-out. Information about the 
early history of the fireball is mediated by particles that do not interact with the secondaries 
and thus retain "memory" of the early period. The dileptons are such particles, but their 
interest is matched by the difficulty of their experimental detection and their spectrum 
(which is modified by the existence of fireball) is experimentally ambiguous [49]. (The main 
difficulty is the huge background of pairs from uncorrelated lepton tracks originating from 
the decay of hadronic particles and from conversions in the measurements of electron pairs. 
This background has a quadratic dependence on the multiplicity and strongly increases in the 
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low-mass and low-pr regions). A strength of these models is that they allow calculation of 
densities other than the 47r value. This can be done by changing the spherically symmetrical 
momentum distribution d3 p = 47rp2dp to a cylindrically symmetrical one (see Appendix G) 
corresponding to the experimental setup: d3p = 27rprdprdpz (withE= Jm2 + p} + p;), and 
infinite integration over the longitudinal component of momentum (Pz) is understood. The 
lower bound on PT can then be set to the experimental PT cut. This is an advantage these 
models have; one can investigate the particle production in a specific dynamical window. 
Not only is the experimental data nor the 47r value, it is also measured in the specific 
rapidity window. This has an important consequence: the temperature obtained from the 
mr spectrum is thus only an effective temperature applying to the particles at midrapidity 
- at first sight. However, if one invokes the Bjorken picture (1], the PT spectrum of particles 
produced is independent of the rapidity y. It is clear that under this assumption, the 
experimental data measured in a specific window will differ from the y-integrated data by 
I 
a constant factor. Given the overall success of the Bjorken model, let us see how these 
statistical formalisms perform when one attempts to reproduce the experimental data if one 
makes this assumption. We first look at the results of the Hadron Gas Model considered in 
this work. 
3.4 Results of the Hadronic Gas Model 
The motivation of the Hadronic Gas Model was presented in the previous sections. It remains 
a task to explore the final results of the previous chapter - Chapter 2. We shall try to study 
the behaviour of the particle production and the hadronic ratios as functions of baryon 
number and/or volume, and baryon density. Effects like the dependence on the cut-off mass 
and strangeness content will also be investigated. 
3.4.1 Kaon Production 
Kaons are light strange particles produced significantly in p- p. collisions and even more 
so in heavy ion collisions. This is so if one thinks of a greater interaction volume for the 
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gas as well as noting that the strange chemical potential increases rapidly with increasing 
baryon chemical potential. Kaons, especially /{+ due to its abundance over J{-, have been 
measured by many experiments. /{+ is mostly produced by the processes [16, 50) ; 
pN ~ NYK+, 
ND.+ ~ NYK+, 
(3.2) 
7rN ~ yf{+ ' 
7rD. ~ yf{+ ' 
with an associated production of a hyperon Y. 






NN* NNJ{+ J{- · ' 
together with a /{+ (pair production). The J{- can be annihilated in a baryon rich environ-
ment through the strangeness exchange process 
(3.4) 
To expand our knowledge of strangeness production processes it is a good idea to study the 
kaon production in heavy ion collisions. Kaons have a longer mean free path than pions 
in a hadronic gas system, so they probe earlier stages of collisions [51). This is supported 
by results from Hanbury- Brown-Twiss (HBT) interferometry measurements of kaon and 
pion pairs (52, 53, 54). Because of its small rescattering, cross-section on baryons, /{+ is a 
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better probe than ]{- in a baryon rich environment. The results obtained for kaon yield 
from the Hadron Gas Model using Strangeness = ±1, ±2, and ±3 equations are presented 
in Figure 3.2. In this figure, we investigate the dependence of the kaon production on 







T = 0. 120 GeV 
8/V = 0. 1 fm -3 
B 
Figure 3.2: The Kaon Yield as a function of the baryon number, B. The fixed thermal 
parameters are the temperature T = 120 MeV and the baryon density B/V = 0.1/ fm 3 . 
the dependence of the kaon yield on the net baryon number B. For small values of B the 
dependence of kaon production is quadratic. For small values of B there are few N N collisions 
and thus the kaon yield will be very small. However, for large values of B the quadratic 
dependence disappears and the kaon production increases linearly as a function of B. At large 
values of B we have more N N collisions which result in the higher kaon production. Because 
in this Hadron Gas model we fix the baryon density, BjV (na), the volume is determined by 
the net baryon number. This means, therefore, that the dependence of the kaon production 
on B implies a dependence on volume, V. Hence one should e~pect the same behaviour if one 
plots the kaon production as a function of V. ·For a fixed baryon density, n8 = B jV, with 
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B, V ~ oo one obtains the Grand Canonical results since particle fluctuations in the Grand 
Canonical Ensemble behave as 1/.J!ii, and in this case it will behave as 1/VB. Based on 
the mechanisms of kaon production it is seen that the J<+ production is greater than the /(-
production. Also it is easier to make J<+ than ]{- because of strangeness conservation. The 
second feature from Figure 3.2 is the dependence of the kaon production on the components 
of the gas in terms of Strangeness composition. At small values of B (small volumes) the 
three curves's origins are similar (no distinctions) but at large values of B they show clear 
differences. Thus at small volumes the production of, e.g., n has to be accompanied by three 
kaons, and that of:.:::, by two kaons. There is no clear distinction between S±2 and S±3 curves 
for the particular chosen temperature. Thus the inclusion of n in our gas does not have a 
big effect. The inclusion of particles of S±2,3 increases the production of J<+ and decreases 
the production of]{- especially at high values of B. This is due to exact conservation of 
strangeness together with absorption. The main process responsible for this might be 
(3.5) 
One sees immediately that J(+ will be enhanced to conserve the strangeness, while ]{-
will be absorbed for the same strangeness conservation. To have the effect of strangeness 
conservation large in J(+ as compared to ]{-, one should recall that another process which 
enhances J(+ in the same environment is 
(3.6) 
where Y refers to the A or the L And of course N N annihilation could lead to these effects, 
but which might favour J<+ at the expense of]{-. This happens at large values of B where 
one is having more of the nucleon-nucleon collisions. Comparing the S±1, S±2 and S±3 curves 
can be easily understood in the grand canonical formalism : 
and similarly 
A 
exp (-7- ~) 
exp ( -"; - 2~s) 
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For the temperature considered here we have for f!/3 ratio a factor of~ 0.05 and ~ 0.3 for 
3/ A. Thus to see the difference between the S±2 and S±3 curves we should go for higher 
temperatures where we can produce the f!'s, and more clearly it will be seen at high values 
of B and/or volumes. We now investigate the effect of including particles of certain mass 
2 
T = 0. 120 GeV 
8/V = 0. 1 fm-3 
1. 5 
Mcut-off 3 GeV 










Figure 3.3: The dependence of Kaon Yield on the resonance composition (cut- off mass) of 
the gas is plotted as a function of the baryon number, B, at fixed T and B jV. 
limit (referred to here as cut-off mass) in the gas, Fig 3.3. The /{+ production is slightly 
sensitive (or nearly insensitive to the composition of resonances in the gas (cut-off mass). 
The ](- production shows a clear sensitivity compared to /{+, on the composition of the gas 
especially for large volumes. One sees that including heavier resonances in the gas, increases 
the kaon production, especially the J{-. It means therefore that in order to see more of the 
I<- 's we need heavier resonances. But the /{+ is already produced by other mechanisms 
also. Thus, the J(+ does not rely much on the decay channels. 
The /{+ production is sensitive to the baryon density B jV. f'or low baryon -densities the 
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production increases, Figure 3.4. This effect of baryon density is also seen in the production 
of J(-. It is seen that for large values of B, the small values of B /V increase the J(+ 
production by an enormous amount as compared to J(- production. The u and d quarks 
are suppressed by the Pauli principle in high-baryon environment. However this is not true 
for s quarks. In a pure hadronic picture, a baryon rich system enhances the J(+ production 
through associated production with A's or L:'s and suppresses J(- due to its absorption 
through the exchange channels considered previously. It should be noted here that rather 
2 
T = 0. 120 GeV 
K+ 
1 . 5 
fm-3 _8jV = 0. 1 









Figure 3.4: The dependence of Kaon Yield on baryon density is plotted as a function of the 
baryon number, B. 
than the yield depending on the baryon density directly, it turns out that it depends much 
on the volume. This is so if one recalls that we are keeping the baryon density B /V fixed. 
Thus one quickly sees that at a particular value of B for a small B jV fixed we have larger 
volume than for high B jV fixed. Thus one expects a high yield since 
Yield ex V. 
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Since the mesons are not affected by the baryon chemical potential, the imbalance in strange 
and non-strange mesons can be attributed to the non-zero strange chemical potential (in 
the grand canonical). We impose zero net strangeness in the gas which does not necessarily 
mean that J1s = 0. Thus the difference in f{+ and f{- yields arises because it is energetically 
more favorable in baryon rich system to create anti-strange meson such as f{+ with strange 
baryons via 
PP -----+ f{+ Ap , 
than strange mesons such as f{- via 
3.4.2 Pion Production 
Pions are very easy to create but are less interesting than kaons. They carry very little infor-
mation from the early stages of collisions. Even if they are directly produced from interesting 
physics processes, the information they carry can be easily washed out by rescattering on the 
way out. Many particles and most resonances decay into pions, making them very diverse. 
Nevertheless, pions are important; for instance, to understand the f{ / 1r ratio, we have to 
first understand not only kaon production but also pion production. Figure 3.5 shows the 
particle ffiT spectrum for rapidity range 0.< oy < 0.2. The spectrum for the pions, especially 
for 1r- is an interesting one in studying the pion production. Unlike kaons, there are clearly 
more pions at low mT than one expects from exponential extrapolation from high mT points. 
The bending up of low mT points, the so-called low PT enhancement ( = enhancement over 
exponential predictions from high PT points), is clearly seen in the spectrum. A single mT 
exponential fit to the spectrum (from high mT ), would obviously fail at low mT in Figure 3.5. 
The low PT enhancement for 1r- 's can be more clearly seen with the guidance of the mT 
exponential fit. Many other experiments (for example [56], etc.) have also seen this low 
PT pion enhancement (for an overview see [57]). The enhancement was seen in early ex-
periments too, such as those reviewed in [58]. The enhancement was thought to arise from 
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Figure 3.5: 7i± and proton mr spectrum for the rapidity range 0.< y <0.2 (55]. 
transverse flow [59, 60]. Decays producing low PT pions [57] include the strong decays 
N* ---+ 1iN, 
.6. ---+ 1iN, 
Po ---+ 7r+7i- ' 
(3.9) 
Po ---+ 7i-7io 
' 
w ---+ 7i+7r-7ro 
' 
]{* ---+ y+ -\. 7i ' 
and weak decays 
]{0 ---+ 7r+7i- ' s 
A ---+ p1i -
' (3.10) 
L;O ---+ p1i -
' 
L;- ---+ n1i -
Studies [32, 61], distinguishing between decay pioris from A's and thermal pions indicate 
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that the dominant contribution of 7!'-s is from ~. Low PT enhancement was also observed 
in 7r+ spectra, but not as much as for the 7!'- spectra. This is partially because there are 
more particles and resonances, as shown in the list above, which decay into 7!'- than into 
7r+. The result for pion production is shown in Figure 3.6. The first feature to notice is 
that the 7!'- is greater than the 7r+ production especially as one goes to large values of B. 
This difference between the 7!'- and 7r+ can be clearly seen from their ratios as shown in 
T = 0. 120 GeV 
8 B/V = 0. 1 fm-3 ~:. ~-.... 
~-(-· 
11 (S+-2) ~ .. '(-~.'(-
a:~ 
"C + 
(S+-2) a.t ..... 6 11 Q) a.'( .... 
~.:r >-
c *:r 
0 *:-· .... 
~.:-a. 
4 4·:·· 
,p.:·· , .. 
-
(S+-1) 2 --- 11 
11+ (S+-1) 
0 
0 2 4 6 8 10 
B 
12 14 16 18 20 
Figure 3.6: The Pion Yield as a function of the baryon number, B. The fixed thermal 
parameters are the temperature T = 120 MeV and the baryon density B/V = 0.1/ fm 3 . 
Fig. 3.7. From this figure one notices the turning up at low mT which indicates that some 
of the low mT 7!'-'s are probably from physics processes and decays that do not contribute 
to 7r+'s. Also to be noticed is the slight excess of 7!'- at high mT which might be as a result 
of isospin asymmetry, and coulomb interaction. In heavy ion collisions like Au - Au there 
should be coulomb (which favours the low mT 7!'- 's because of the positive net charge) and 
isospin ( which favours more 7!'- because of the neutron excess over protons in Au - Au 
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Figure 3.7: The my spectra of the tr- jtr+ ratio at different rapidities from Au+ Au [55]. 
has been investigated [62] using an oversimplified hadron gas model which shows perfectly 
the behaviour seen in experimental information. This difference was seen in nucle-ar collisions 
at Bevalac [63] and ISR [64]. 
The effect of introducing particles with strangeness = ±2 is seen as decreasing the pion 
production, especially at large values of B. Similar to the situation of kaons this is due ·to 
strangeness conservation at the expense of pions through 
7r + y -----+ I< + ::::- ' 
and again Y is A or I:. However pions, on average, will be at the forefront because of 
the existence of many decay channels. The pion production, however, seems to be linearly 
increasing with Beven at the beginning (at small values of B), unlike the kaon production. 
The pions show a great sensitivity on the composition of the gas (cut-off mass), Figure 3.8. 
The inclusion of heavy resonances enhances the production of pions. This is an indication 
ofmany resonances decaying into pions. The production of pions increases with a decrease 
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Figure 3.8: The dependence of the pion production on the cut-off mass is shown as a function 
of baryon number, B, at fixed T and B jV. 
in baryon density, B jV. This is shown in Fig. 3.9. Like the kaon production, the pion yield 
also depends much on the volume, particularly at large values of B. This is so if one thinks 
that the pions are not affected by f.LB and f.ls in grand canonical, but are affected only by 
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Figure 3.9: The dependence of the pion production on the baryon density is shown as a 
function of baryon number, B, at fixed T. 
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3.4.3 The J( / 1r Ratio 
The enhancement in J(+ l1r+ ratio was originally proposed as a signature of QGP formation 
a few years ago. A fair amount of J(+ enhancement relative to 1r+ has indeed been found 
in heavy ion experiments relative to pp collisions at similar collision energies per nucleon 
[65, 66]. However, the enhancement can also be explained in a hadronic picture without 
invoking QGP formation [67, 43]. Understanding the mechanisms responsible for the en-
hancement has been one of the primary goals in heavy ion physics. The enhancement might 
be due to the increased contribution of J(+'s in heavy ion collisions from particle rescattering 
processes. And these processes need closer attention to understand them. These processes 
are, however, negligible in light ion collisions. Thus the enhancement of ]{+ l1r+ ratio in 
heavy ion production needs to be approached by studying the individual particle production 
mechanisms, i.e. kaon and pion production mechanisms which are not well known. Many 
theoretical models [67, 43, 68, 69, 70], have shown, to some extent, that particle rescat-
tering and hadronic gas models could explain the strangeness enhancement observed. The 
results obtained for ]{+ l1r+ and ]{- l1r- ratios using strangeness ±1, ±2, ±3, are shown in 
Figure 3.10. The J(+ l1r+ ratio increases more rapidly in Strangeness = ±2,3 than in the 
Strangeness = ±1 case. However, there is no clear distinction between the S±2 and the S±3 
curves. For the J{+ I 1(+' as values of B get high there is a clear distinction between s±l 
and S±2,3 . However, in the]{- l1r- ratio for S±1 , S±2 and S±3 there is almost no difference. 
The dependence on B for both J( I 1r ratios seems to follow the same pattern. The ratios 
increase slowly from small values of B (small volumes) to a point where they begin to show 
some smooth levelling off. This indicates that as B approaches high values(large volumes) 
the ratios will be constant. Thus, it seems as if the mechanisms which are responsible for-
kaon· production cease to generate the kaons. As B increases, we have a fast increase of light 
quarks and anti-quarks compared to strange quarks and anti quarks. Thus we expect to see 
a saturation behaviour at large values of B. The distinction due to the strangeness content 
factor arises solely from the kaon and pion yield due to the same factor. 
One observes a slight decrease in the J(+ l1r+ ratio, as calculated with resonances of cut-off 
mass of about 3 Ge V when compared to a hadronic gas contained in resonances of cut-off mass 
of about 1.6 GeV. This can easily be explained by the fact that heavy resonances have more 
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Figure 3.10: The f{ /11 ratio as a function of the baryon number, B at fixed T and B jV. 
pions than kaons in their decay products, thus reducing the J(+ j11+ ratio, Figure 3.11. But 
for f{- /11- the change is even smaller (or almost not there) and vice-versa to the J(+ j11+ 
ratio. Both the J(+ j11+ and f{- /11- ratios depend strongly on the baryon density. The 
J(+ / 11+ ratio shows an increase with decreasing baryon density for a finite small B before 
converging for the different baryon densities. Thereafter at large B the ratio decreases for 
low B /V while for large B jV it has not yet shown a decrease. Thus it turns out that at large 
values of B the J(+ j11+ ratio will show minimal or no dependence on the baryon density. 
This is confirmed by the calculations done in the grand canonical formalism [46]. But for 
f{- /11-, the effect of baryon density seems to show an increase off{- j11- ratio at low B jV's, 
Figure 3.12. At high baryon densities J(- j11- is suppressed. The two ratios are also shown 
as a function of baryon dens;ty for a fixed B as shown in Figure 3.13. This is the same as 
fixing the volume or the radius of the gas. The situation of .the two ratios depending on the 
baryon density can be clearly seen on the grand canonicaJ scenario. In the quark level we 
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Figure 3.11: The dependence of I< I 1r on the cut-off mass for a fixed T and B IV plotted as 









exp(- J.L IT) 
while for !{- l1r- ratio one has 
!{- exp( -msiT) 
-'""' 7r- exp(J.LIT) 
(3.12) 
As one increases the baryon density, the chemical potential J.L mcreases correspondingly. 
Thus one expects!{+ j1r+ to increase and I<-/1r- ratio to decrease. Figures 3.14 and 3.15 
are the I< j1r ratios obtained from a grand canonical hadron gas model with three hard-core 
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Figure 3.12: The dependence of]{ I 1r on the baryon density for a fixed T plotted as a function 
of baryon number, B. 
increasing baryon density. It then reaches a plateau and starts decreasing. For moderate 
densities, the ]{+ l1r+ ratio is almost independent of the hard-core radius and after reaching 
a maximum, the ratio becomes very strongly dependent on the radius. The ]{- l1r- ratio 
always decreases for increasing baryon densities. The decrease beyond nB = 0.1lfm3 is 
essentially caused by tilted baryon volumes (strong short-range repulsion between baryons). 
The two ratios are the same for a baryon free system, in agreement with pp collision data 
(vanishing baryon density) at CERN Intersecting Storage Rings (ISR) [72], [73], in which 
J(+ I 1r+ and ]{-I 1r- were both 11% at mid- rapidity. 
Fig. 3.16 shows the dependence of the Kl1r ratio, both the ]{+ l1r+ and J{- l1r- ratios as a 
function of temperature. The same calculation is also done in the grand canonical ensemble, 
Fig. 3.17(b)[16]. As the temperature increases, the kaon density and the pion density 
increases. However, the kaon density increases at a more rapid rate as compared to pion 
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Figure 3.13: The /{ f'rr ratios are plotted as a function of the baryon density for three tem-
peratures at a fixed baryon number, B. 
density. Thus one will expect the ratio nK+ jn1r+ to increase as T increases. However in 
Fig 3.16, where we have fixed B, B/V and obviously V, we see that the ratio will reach a 
maximum at a particular temperature depending on the realistic choices of Band B jV, and 
as T increases the /{+ j1r+ ratio starts to decrease slowly while the ]{- j1r- ratio rises fast 
with temperature towards convergence with the ]{+ j1r+ ratio. In grand canonical at quark 
level the trend is clear : 
the exponential increase in the positive ratio is suppressed by an increase in T while it is 
enhanced for the negative ratio. This is due to difference in the signs of the quark chemical 
potential. At the hadron level one recalls that as temperature increases, the probability .of 
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Figure 3.14: The dependence of the Kj1r ratios on the hard core radius R as a function of 
baryon density [71]. 
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Figure 3.15: The dependence of the f{ / 1r ratios on the baryon density for different values of 
temperature T [71]. 
creating heavier resonances increases substantially, thereby increasing the decay channels, 
many of which favour pions and slightly the /{-. Thus we see that at large values ofT both 
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Figure 3.17: a) The pion and kaon densities as a function of temperature T. b) The ratio of 
J<+ density to 7r+ density, as a function of temperature [16]. 
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ratios start to decrease. 
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3.4.4 The J(+ / ]{- Ratio 
Another important ratio in the study of the generating functions of the hadronic gas models 
is the f{+ / f{- ratio. The inclusion of high strangeness particles in the gas will lead to the 
increase of the f{+ / f{- ratio as indicated in Fig. 3.18. This is so since the high strangen·ess 
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Figure 3.18: The f{+ / f{- ratio as a function of baryon number, B. 
pendence of the ratio on B. For small values of B the ratio increases very steeply before 
levelling off, and starts to be independent (or almost independent) of the volume for large 
values of B and thus remains flat on average. This is so irrespective of the difference in the 
](+ and J{- yields. Thus one would expect that, at high values of B where we will have 
more ](- 's absorbed due to large f{- N inelastic cross-section, the ratio will be increased. 
This is not seen in this ratio. This might be because as B increases one produces more K-'s 
than J(+ 's; When one combines this with the fact that in the region of large B we also have 
large absorption of J<-'s, it will lead to-the f{+ / f{- ratio being insensitive to B (and/or 
70 CHAPTER 3. THE HADRON GAS MODEL 
volume). For very large values of B the ratio drops slightly. This is due to more ]{-'s being 
produced with respect to J<+ 's, even though one would expect a larger fraction of g- 's to 
be absorbed in large systems because of the large g-N inelastic cross- section. This may 
make the J<+ I]{- ratio drop at large volumes. The effect of resonances composition of the 
gas to the J(+ I I<- ratio is shown in Figure 3.19. For small cut-off mass the ratio increases 
slightly. The low cut-off mass makes I<- decrease faster than J<+. Hence one would expect 
an increase in the ]{+I]{- ratio when only low cut-off mass resonances are considered. The 
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Figure 3.19: The dependence of the J<+ I g- ratio on the cut-off mass is plotted as a function 
of baryon number, B. 
J<+ If{- ratio increases with increasing baryon density, Figure 3.20. The increase is inde-
pendent of B. The increase in the J(+ I g- ratio as one goes ~igh in baryon density B IV is 
an indication that this ratio is a. good probe for the baryon density of the gas. 
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Figure 3.20: The dependence of the ]{+/I<- ratio on the baryon density is plotted as a 
function of baryon number, B. 
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3.5 The Strange Baryons and Anti-Baryons 
Multi-strange baryon and anti-baryon production is expected to ,be a useful probe in the 
search for Quark-Gluon Plasma formation since they are more difficult to produce in purely 
hadronic matter. And in particular, the enhancement of multistrange antibaryon yields 
relative to nucleon-nucleon interactions is expected in the case of QGP formation [74]. We 
thus model the production of these particles in our formalism. The production of A and :=: is 
shown in Figs. 3.21, 3.22 respectively. The dependence of their production on the cut-off mass 
(i.e the composition of the resonances in the gas), is also shown. It can be seen that whereas 
including heavier particles( resonances) in the gas decreases the production of baryons, this, 
on the other hand, increases the production of anti - baryons. This is because when one 
increases the cut-off mass, the baryon density increases (if baryon chemical potential is fixed 
- in the grand canonical ensemble). In order to maintain the same baryon density, the 
baryon chemical potential must be decreased. This causes an increase in production of anti-
baryons and a decreases in the production of baryons. The decreasing factor in A is small 
compared to the increasing factor in A, while the decreasing factor in :=:- is large compared 
to the increasing factor in :=:-. With respect to the production of these baryons : a A can 
be produced with one accompanying f{ while the A requires more accompanying particles 
to conserve strangeness as well as baryon number (eg. AK versus ANN I<) and-in the case 
of :=:'s, the:=:- can be compensated by two A's (N AA) while the:=:- can be compensated by 
two kaons (N f< J?). 
The result of the ratios, :=:- ;:=:- and A/ A, can be explained most easily in the grand canonical 
ensemble. By increasing the number of hadronic resonances from the cut-off mass of about 
1.6 GeV to about 3 GeV, one also increases the net baryon number, B, since baryons have 
a greater statistical weight than anti-baryons as a result of the sign of the baryon chemical 
potential. The generating factor is related by, 
M /-LB 
baryons"' exp( -T + T) , 
M f-LB 




The ratios of A/ A and :=:- ;=.- are both shown 1n Fig. 3.23. The A/ A ratio is less than the 
3.5. THE STRANGE BARYONS AND ANTI-BARYONS 73 
8 
T = 0. 160 GeV 
B/V 0.05 fm -3 7 = 
6 Mcut-off = 3 GeV 
M = 1. 6 GeV 0 cut-off ... 








5 1 0 15 20 25 30 35 40 45 50 
B 
Figure 3.21: The dependence of A Yield on the cut-off mass is shown as a function of baryon 
number, B, at fixed T and BjV. 
:=:- ;:=:-. One can see that there is a strong effect of the cut-off mass in both the ratios. The 
effect on the :=:- ;:=:- ratio is large compared to that on the A/ A ratio. This might make it 
difficult for the calculation of these ratios in this hadronic gas model. Thus the number of 
the hadronic resonances changes the results in a crucial way. The two ratios stay almost 
constant and therefore show almost no dependence on B and/or volume. This behaviour 
resembles the one in the J(+ j J(- ratio. In Fig. 3.24 the effect of cut-off mass is shown for 
the ratios :=:-/A and :=:-/A. It can be seen that the effect is more pronounced in the strange 
anti-baryons ratio. Including heavier resonances in the gas lowers these ratios. Here we see 
that the ratios grow steeply before reaching saturation at large values of B. However, at 
small values of temperature and large values of B jV, the anti-baryons ratio rises smoothly 
until it shows some saturation at large values of B while the baryons ratio starts from a 
finite value at B = 0 and rises with a very small sharp slope and then starts to show some 
saturation or rather ievelling-off, see Fig 3.25. 
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Figure 3.22: The dependence of:::: Yield on the cut-off mass is shown as a function of baryon 
number, B, at fixed T and B jV. 
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Figure 3.23: The::::-;::::- and A/ A ratios as a function of baryon number, B. 
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Figure 3.24: The dependence of:=:- I A and :=:-I A ratios on the cut-off mass is shown as a 
function of baryon number, B. 
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Figure 3.25: The:=:- j A and :=:-I A ratios as a function of baryon number, B. 
76 CHAPTER 3. THE HADRON GAS MODEL 
The production. of these strange baryons and anti baryons strongly depends on the baryon 
density. The baryon density can only remain fixed if one lowers the chemical potential 11B 
in the grand canonical formalism and this in turn will lead to the enhancement in the A/ A 
and :=:- ;:=:- ratios. In quark level language we have 
and 
In hadronic level language: 
while for :=:'s we have 






















exp [( -11B + 11s)/T] 
exp [( +11B- 11s)/T] 
exp [( -211B + 211s )/T] 
;_ ~ exp [( -211B + 411s)/T] 
~ 
This will lead to the enhancement of the baryons and anti baryons , 
A/ A,...., exp( -211B/T), 
as compared to the :=:/A (like I</rr) ratio since it is less sensitive to 11B: 
:=:;A ,..._, constant 
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Figure 3.26: The dependence of A Yield on the baryon density is shown as a function of 
baryon number, B. 
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Figure 3.27: The dependence of :=: Yield on the baryon density is shown as a function of 
baryon number,_ B. 
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Fig. 3.26 shows the dependence of ;\ and A production on the baryon density, and it can 
be seen that an increase in B jV lowers their production. The same effect is seen to be also 
strong in :=:- and :=:- production. This is shown in Fig. 3.27. Again one sees that the volume 
is an important factor in determining the yields of these particles. 
The dependence on B jV is again seen for the ratios A/ A and:=:-;::::- and it is seen strongly 
in both ratios, even though there is slight difference in suppression factor as one increases 
B jV, Fig. 3.28. This difference depends strongly on the choice of temperature. However, 
for the ratios :=:- j A and :=:-/A, the situation looks a bit different: for the strange baryons, 
the increase in B jV lowers the ratio: whereas for the anti-strange baryons, the increase in 
B jV increases the ratio by a large factor compared to the lowering one on strange baryons, 
Fig. 3.29. 
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Figure 3.28: The dependence of the .\j A and :=:- ;:=:- on the baryon density is plotted as a 
function of baryon number B. 
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Figure 3.29: The dependence of the :=:-I A and :=:-I A on the baryon density is plotted as a 
function of baryon number B. 
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The WA85 experiment at CERN-SPS provides data on multistrange baryon and anti-baryon 
production in SW collisions at 200 A GeV. This experiment has measured A, A,:::;-,::::-, n-, 
and n- yields. For a review of the recent experimental data on multistrange baryon and 
anti-baryon see for example [75, 76]. These data have been analysed independently by two 
different groups [77, 78] and [79, 80] with mutually consistent results. The studies by the 
WA85 Collaboration on the hyperon production in SW and pW interactions indicates that 
the inverse slopes of the my distributions for A, A,::::- and ::::- decays for pW data, are lower 
than those from central SW interactions. The A/ A and ::::- ;::::- ratios are consistent in both 
sets of the data; there is however an increase of up to 40% in the ratios ::::-/A and ::::-/A when 
going from pW to SW interactions. The experimental results are summarized in Table 3.4 
and 3.5 below. 
Table 3.4: Relative hyperon yields in pW and SW interactions (mr > 1.9GeV) (81]. 
Ratio p W interaction SW interaction 
A/A 0.19 ± 0.02 0.20 ± 0.01 
=-;-- 0.48 ± 0.07 0.41 ± 0.05 --~ ~ 
:::;-/A 0.13 ± 0.001 0.19 ± 0.01 
::::-/A 0.31 ± 0.03 0.41 ± 0.05 
The WA94 have measured these ratios for sulphur-sulphur(SS) interactions. These ratios 
are shown in Table 3.6. It is interesting to note that the central S S results of strangeness 
yield ratios are very similar to those obtained in ( SvV) interactions obtained by the WA85 
in the equivalent centre of mass rapidity [82]. Figure 3.30 shows the ratios ::::-/A and ::::-/A 
for SS interactions (WA94) and SW interactions (WA85), together with those from other 
processes. It is noted that the ratios ::::-/A is 3~ times larger in sulphur induced reactions 
than the value (0.06 ± 0.02) obtained by the AFS Collaboration in pp interactions (83]. 
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Table 3.5: Relative hyperon yields in pW and SW interactions (2.3 < YLAB < 3.0, 1.2 < 
PT < 3.0GeVjc) (81]. 
Ratio p W interaction SW interaction 
A/A 0.19 ± 0.02 0.20 ± 0.01 
=-;-- 0.47 ± 0.06 0.45 ± 0.05 --~ ~ 
=.-I A 0.064 ± 0.005 0.095 ± 0.06 
=:,-/A 0.15 ± 0.02 0.21 ± 0.02 
Table 3.6: Relative hyperon yields in SS interactions 2.5 < y < 3.0 (84]. 
Ratio 1.2 < PT < 3.0 GeV jc 1.0 < PT < 2.0 GeV /c mT > 1.9 GeV jc 
A/A 0.23 ± 0.01 0.24 ± 0.01 0.22 ± 0.01 
- ;-- 0.55 ± 0.07 0.58 ± 0.07 0.54 ± 0.06 -~ ~ 
--=:.-I A 0.09 ± 0.01 0.08 ± 0.01 0.18 ± 0.01 
=:,-/A 0.21 ± 0.02 0.20 ± 0.02 0.44 ± 0.04 
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Figure 3.30: Hyperon yield ratios :=:-I A and :=:-I A for e+ e-, pp and ion induced processes in 
the PT range 1 < PT < 2Ge VIc [84]. 
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3.6 Summary and Conclusion 
The results of the hadronic gas model have been presented and discussed throughout the 
Chapter. The results have been presented as a function of the net baryon number, B. This 
corresponds to the total numher of participating nucleons in the collisions. The concept of 
the number of participants will be reflected in detail in the next Chapter when we will be 
comparing the model results to the experimental information. The model was used for fixed 
T and B jV. Fixing B /V means that talking about B implies talking about V ang hence the 
size of the system at freeze-out. It has been seen that the particle yields generally increase 
linearly with B, but at small values of B, the kaon yield shows a quadratic dependence. Pions 
did not show this quadratic behaviour at small values of B. Moving to strange baryons and 
anti-baryons we still find the linear dependence on B. Considered at the same T and B jV as 
for the light particles, the :=: yield shows a quadratic dependence at small B as compared to 
A. For the chosen values ofT and B jV, the quadratic behaviour disappears. Note that the 
temperature and baryon density for the strange baryons and anti-baryons have been chosen 
so as to provide large scale information on these particles and especially their anti-particles. 
The hadronic ratios show a different behaviour to the particle yields. The kaon/pion ratio 
grows smoothly from zero towards saturation as B increases showing that at very large values 
of B one should expect total saturation of the ratio. Thus we have the constant kaon yield 
at large B. However the/{+ j1r+ ratio increases more than!{- j1r- which shows only a very 
small increase. The ratio of positive kaons to negative kaons rises steeply and then becomes 
almost flat as B increases. The ratio stay almost constant and independent of B . The 
strange anti-baryon to baryon ratios show an increase from small values to large values of B 
by a very small factor, with the:=: ratio greater than the A ratio. For the same temperature 
considered for the light particles, the strange anti-baryons ratio increases smoothly from zero 
towards saturation while the strange baryons ratio increases steeply and starts to level off 
with a small increase, with increasing B. For the temperature and baryon density shown, 
the two ratios grow steeply and then level off. The behaviour of the hadronic ratios involving 
strange baryons and anti-baryons is also seen in experimental results ( also reviewed here). 
It has been found that the strange anti-baryon to baryon ratios are consistent with both 
sets of data (pHI and SW), while there is a large increase in the strange anti-baryons and 
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strange baryons ratios when going from pW and SW interaction. This increase in the latter 
ratios is, of course, so because in moving from pW to SW, we are increasing the size of the 
system and/or the number of the participating nucleons, which is consistent with our model. 
Compared to the light particles, the effect of cut-off mass (composition of the gas in terms 
of resonances) is found to have a great impact on strange baryons and anti-baryons. This is 
mainly reflected in the strange anti-baryon to baryon ratios. 
The effect of the baryon density B jV on the particle yields seems to be well understood when 
one recalls that for a particular value of B for different values of BjV, one will have large 
volumes at small baryon densities, and this favours the particle yields. Thus it turns out 
that rather than depending on the baryon density directly, the particle yields depend on the 
volume. However, coming to the dependence of different hadronic ratios on baryon density, 
it is the baryon density which is influencing the observed hadronic ratios. It has been seen 
that the baryon density increases some ratios and decreases others. The ratio of the positive 
to negative kaons is found to be an interesting one under the aspect of baryon density, since 
its dependence on baryon density and an almost independence on the net baryon number 
can tell us more about the properties of a hadronic matter produced in collisions. Compared 
to light particles, the effect of the baryon density is again seen to be dominant in the strange 
baryons and anti-baryons, especially the ratios considered here. 
The ]{- j1r- and the A/ A ratios do not show significant increase with B but the /{+ j1r+ 
ratio does. The production of strange baryons in a small volume is not favoured since, first, 
·these are relatively heavy particles ("" 1 GeV) and secondly, they have to be accompanied 
by an anti-strange baryon, making the total expenditure in energy not less than 2 GeV. 
As the interaction volume increases, it becomes easier to produce these particles and one 
can explain the observed increase in anti-strange baryons to strange baryons as one collides 
heavier nuclei in this way. 
The final state of a relativistic heavy ion collision has been described by a hadronic gas. It 
has been found that for large values of baryon numbers and/or interaction volumes, a de-
scription using the grand canonical ensemble could be justified. For a small system, however, 
corrections arisil)g solely from the exact conservation of baryon number and strangeness are 
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important and cannot be neglected. This is particularly relevant if one wants to compare 
results from p - p collisions with those from heavy ion collisions. The particle yields rises 
linearly (or almost linearly) from zero with an increasing B, and most of the particle ra-
tios increase smoothly from zero for small values of B towards the value obtained in grand 
canonical ensemble. Due to the dependence on the precise composition of the hadronic gas, 
i.e. the number of resonances kept, it turns out that the strange antibaryon to baryon ratios 
cannot be evaluated in a reliable manner if one applies the model as it is. 
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Chapter 4 
Review of Strangeness Production in 
Heavy Ion Collisions 
4.1 Strangeness in Relativistic Heavy Ion Collisions 
It is generally held that all matter which is known to exist is made of u and d quark flavors. 
The third quark known as the strange s quark is found in strange particles which are pro-
duced during ion collisions. We recall that in Chapter 2 we used strangeness conservation in 
our calculations. This has been possible because strangeness is conserved by strong interac-
tions. Because of the absence of the strangeness content in the initial state of ion collisions, 
strangeness production could tell us more about the properties and the dynamics of the 
newly made hadronic matter formed in collisions. During the collisions, uu, dd and ss pairs 
are produced. The strange quark and antiquark subsequently combine with neighbouring 
quarks and antiquarks to form strange particles. Strangeness was proposed a long time ago 
as a signature of quark-gluon plasma [85, 74, 86, 87). However, this proposal was weakened 
when it was also realized that strangeness enhancement can also be produced by hadronic 
interactions [88, 89). One of the main reasons that made strangeness yield an attractive 
subject is that strange particles have a much lower production threshold in the QGP than in 
a hadronic gas. The threshold for creating strange hadrons in a hadron gas is given by the 
mass difference between the centre-of-mass energy of the two colliding hadrons (with zero 
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strangeness) and the combined mass of the lightest strange hadron pair. In the quark-gluon 
plasma, on the other hand, the threshold is given by the rest mass of the strange-antistrange 
quark pair. In the QGP with deconfined quarks, the energy needed to create an ss pair is 
only 2ms, which is twice the strange quark mass, m 5 • Assuming a strange quark current mass 
of 180 MeV, the threshold for strangeness production in QGP is only 360 MeV. On the other 
hand, in a hadronic gas, creating a strange hadron pair (with zero net strangeness) through 
processes such as 1r1r ---+ J( J( and N N---+ N J( A needs at least 700 MeV. Another reason 
why strangeness production is an attractive subject is the fact that strangeness production 
processes are much faster in the QGP than in hadronic systems. The strangeness production 
time constant in the QGP is of the order of 1023 s ( about 1 fm)[85], while in HG it is 10 
to 30 times slower [74]. In the plasma, strange quarks and anti quarks can be produced by 
collisions among the constituents of the plasma. There are two processes by which ss pairs 




they can also be produced by the collisions of the gluons ih the plasma through the reaction 
(4.3) 
Gluons are expected to be abundant in QGP and they play an important role in strangeness 
yield. The high density of strangeness in QGP will enhance multi-strange particles through 
hadronization as well, while in the hadronic gas, multi-strange particles have to be made by 
successive collisions. For QGP in chemical equilibrium at high baryon density, an enhance-
ment of anti-strangeness production is expected with respect to anti-baryons, as argued in 
[85, 19] using the Boltzmann approximation 
2 
ns = ms J(2( ms )ellB/3T 
nu + nd 4T2 T ( 4.4) 
where J\2 is a modified Bessel function. At high baryon density, light anti-quarks ( u, d) are 
suppressed because they have to be created together with light quarks ( u, d), whose Fermi 
energy levels are already high. On the other hand, s quarks are created along with s quarks, 
enhancing anti-strangeness over anti-baryons in such systems: 
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4.2 Kaon Production and the Kj1r Ratio 
In a quark-gluon plasma with a net baryon content, there are many u and d quarks, however 
the u and d are suppressed and the s and s quarks are less than the light quarks but more 
than the light antiquarks for f.lu,d =J 0. In this environment of a dense baryon-rich quark-
gluon plasma, which may occur in collisions in the stopping regime, it is likely for the s 
quark to find a u quark or a d quark to form a /{+ meson or a /{ 0 meson. It is, however, 
not easy for the s quark to find a u or a d quark to form a J{- or a /{ 0 meson. Thus one 
will expect the number of ]{+ to be larger than the number of ]{-. However this can be 
expected without the assumption of the baryon rich QGP, as reflected in Chapter 3. 
The f{ / 1r ratio has received much attention because its enhancement, and especially the 
enhancement of]{+ j1r+, can be interpreted as a signature of quark gluon plasma [91, 92]. 
However the enhancement has also been discussed in terms of thermal models [43, 93, 94] 
and rescattering models [67]. The quark production rate in a strong field has been shown 
[16] to be proportional to e-1rm~/"". With constituent masses of u, d and s quarks of 325 MeV, 
325 MeV and 450 MeV respectively, and a string tension, "'' of 1 GeV jfm, one obtains a 
relation of ssjuudd to .J{+ j1r+ which is 
u +u.+d + d 
where we made use of the rate of production of quarks: 
and 
Rss = 0.214 
Ruu. 
Rss = 0.107 . 
Rqif 
Recall the density ni of particle i with rest mass mi at temperature T is given by 
ni = 
1 lnoo 47rp2dp 
~=--=--­
(27r )3 o eVP2 +mUT _ 1 
Tm; ~ .!_]{ ( kmi) 





where /{2 is the modified Bessel function of order 2. See Appendix C. For hadron gas in 
thermal and chemical equilibrium, at temperature of 200 MeV we have 
nK+ = 0.3792 
n1r+ 
( 4.9) 
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and the ratio ofstrange quark density to nonstrange quark density is 
( 4.10) 
= 0.2018 0 
Therefore, for a hadron gas in thermal and chemical equilibrium at T = 200 MeV the 
J<+ j1r+ ratio is about 0.38 and the strangeness content is about 0.2. So far, it has not 
been determined whether hadron matter produced in nucleus-nucleus collisions can react 
sufficiently frequently to reach chemical equilibrium within the time available during the 
collision process. An early detailed analysis (74] indicated that if one starts with a hadron 
matter with non-strange particles at T """ 200 MeV, the reaction rate is not fast enough for 
the hadron gas to approach chemical equilibrium, because of the large threshold energy for 
strange hadron pair production compared to the temperature of the hadron gas. However 
many models have been put forward to describe additional strangeness enhancement due 
to the lowering of the strange particle masses as the temperature approaches the phase 
transition temperature (93, 95], ~ - ~ interactions (96], and (higher meson resonance) -
nucleon interactions (97], and thermal models (43]. 
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4.3 Experimental Information on Strangeness 
Production 
Relativistic heavy-ion beams available at the BNL Tandem-AGS Complex and CERN-SPS 
provide an opportunity for studying nuclear matter at high baryon density. In what follows, 
we look at the trend which goes from p - p to p - A to p - B to A - B and finally to A - A 
or B - B collisions. Here A and B refer to the two nuclei in collision while p refers to the 
nucleon. A - A and B - B are heavy nuclei collision systems with the B - B system greater 
than the A - A system which follows from A - B collisions, where A < B. The main reason 
of following this trend is to see, following the expectations of the previous Chapter, how the 
particle yields and particle ratios depend on the size of the system. The motive being that 
one wants to see how strangeness production is affected by the size of the system. 
4.3.1 p - p Collisions 
In pp collisions, kaons are primarily produced through the channels 
PP ___. K K + X 
(e.g. pp----> ppK- ]{+) , 
( 4.11) 
pp----> KY 
(e.g. pp----> ppY ]{+) , 
( 4.12) 
where X denotes anything and Y indicates one of the hyperons, A or E. One sees here 
that strangeness is conserved in both the channels. From the experiment of B¢ggild et al., 
[98, 99] the cross-sections of the above processes are estimated to be O'KY = 2.6 mb an~ 
rrKK =1.3mb, assuming O'K+/rrK- = 3 [100]. Based on these results, they further estimated 
the average numbers of various particles per inelastic pp collision to be Nrr+ = 1.6, N'lr- = 
1.0, NK+ = 0.06 and NK- = 0.02. The difference in the above cross-sections was also 
seen from the experiment by Fesefeldt et al. [101], where it was found that the process 
pp ~ KY X has much larger cross section than the process pp ----> f{ f{ X. The difference 
might well be as a result of the difference in the thresholds of the two reactions. In studying 
the kaon production, as one moves away Jrom the p- p to p- A to A- A collisions, it is 
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interesting to see how kaons interact with nucleons. Figures 4.1 and 4.2 show the total and 
elastic cross sections for positive and negative kaons incident on protons [102]. From these 
two figures one can deduce that the total cross section of J{+p is about 10-20 mb and for 
the J{- p about 30-40 mb. 
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Figure 4.1: J{+p cross section and elastic cross section as a function of incident momentum 
and as a function of s [102]. 
There is, however, not much data on the rare particle production in pp collisions close to 
AGS energies. Kaon data with the nearest energy to the AGS comes from bubble chamber 
measurements of pp collisions at 12 GeV/c [101, 103] at the CERN proton synchrotron 
(PS). The reported numbers of J<+ and ]{- per inelastic pp collision were 0.05 and 0.008 
respectively. The observed J<+ j1r+ ratio in pp collision is ~ (4- 8)% and the ]{- j1r- ~ 
(2.4 ± 2.0)% [98][104][105]. For the AGS energies, the J<+ j1r+ ratio is found to be 4% and 
]{- j1r- ratio is 2% [106, 65]. 
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Figure 4.2: K-p cross section and elastic cross section as a function of incident momentum 
and as a function of s [102]. 
4.3.2 p - A, p - B and A - B Collisions 
In going from p - p to p - A to A - A collisions, we are at the same time increasing the 
_ size of the interacting system. The big difference starts to emerge when going from p - p to 
p - A collisions, since in p - A collisions we begin to have more interactions, i.e more N N 
collisions. Thus one will have, in addition to the primary production mechanisms discussed 
in p - p collisions, new processes appearing, including, for example 
N~ ----+ NAK+, 
N~ ----+ NNJ{+ f{- , 
( 4.13) 
NN* ----+ NAK+, 
NN* ----+ NNJ{+f{- , 
and there are absorption effects to consider for the J{-'s, through processes like g- N ----+ 
1rY. Thus the yi-eld of/{+ increases as one moves to heavier systems, and there seems to be 
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a similar trend in the J(-, as we shall see later. 
Proton-nucleus (p- A) interactions can be thought of as a pile up of several pp collisions, 
in that one nucleon undergoes several collisions with several other nucleons. In proton-
nucleus interactions the total cross-section can be reasonably well described by a power law, 
a~Ael ex A a where a = 0. 71 ± 0.05 [107, 108]. Proton induced reactions at 14.6 GeV jc on 
Be, Al, Cu and Au targets, have been measured at the BNL AGS with the E802 spectrometer 
[65]. Figure 4.3 shows the rapidity distributions of various particles produced in different pA 









Figure 4.3: ?T±, J(±, proton and deutron dnjdy distributions in p +Be, p + Al, p + Cu and 
p +Au collisions [65]. 
the magnitude and the shape of the rapidity distribution. The shape of particle distributions 
as a function of rapidity changes from p +Be to p +Au reactions (from a small to a large 
system), with more particles, especially ]{+, produced at lower rapidity and fewer particles 
produced towards projectile rapidity for heavy targets. It is found [65] that while the inverse 
slope parameters of protons and kaons increase systematically with increasing target mass, 
the parameter for pions is constant from p +Be to p +Au. Fig. 4.4 shows the ]{ /rr ratios 
as a function of rapidity for p + Be, p + Al, p + Cu and p + Au. For comparison, ]{ /tr 
ratios for central Si +Au are also included, this being an example of A- B collisions. From 
Figure 4.3 the pion yield remains roughly constant while the]{+ yield increases substantially. 
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This causes the ]{+ j1r+ ratio to increase for heavier targets, as indicated in Fig. 4.4. The 
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Figure 4.4: ]{ j1r ratio as a function of rapidity for p + Be(solid circle), p + Al (open square), 
p + Cu (diamond), and p +Au (open circle) and Si +Au (solid square). The upper and 
lower panels show ratios for J<+ j1r+ and I<-;1!"- respectively (66]. 
thought of as an assembling of several pp collisions, nucleus-nucleus (A- B and A- A or 
B - B) collisions, and especially heavy ion collisions, cannot be thought of simply as a pile 
up of many nucleon-nucleon collisions. This is so if one thinks that one is now dealing with 
many nucleon-nucleon interactions and there are also large particle rescattering effects in 
heavy ion collisions (109]. The rescattering effects, both in theoretical models [67, 68] and 
experimental data, are found to be important in particle production. Heavy ion collisions 
can be well characterized by the participant-spectator picture, in which as two nuclei pass 
each other, the overlapping regions are left behind and the other parts (spectators) continue 
flying in the same directions as if nothing happened [110]. Kaon and pion production in 
central Si +Au collisions at 14.6 GeV /c has been measured by the E802 Collaboration (106]. 
This is ah example of an A - B collision, where A is the projectile and B is the target, and 
A < B. An enhanced J<+ j1r+ ratio of 19.2 ± 3% was observed [106](65][90](66] in the central 
rapidity region (1.2 < y < 1.4). By comparison, for the pp interactions in the same rapidity 
interval and at roughly the same incident energy, the J<+ j1r+ ratio is 5%. The I<-;1!"- was 
found to be 3.6 ± 0.8%, in comparison to pp value of 2.4 ± 2.0%. Table 4.1 summarizes the 
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I< I 1r ratios measured by the E802 Collaboration. What one reads from this table is nothing 
less than the increase in the J<+ I 7r+ ratio as one goes from a small system to a large system. 
Kaon production was also studied as a function of rapidity by D.Morrison for his PhD. thesis 
Table 4.1: I< I 1r ratios in different collision systems measured by the E802 Collaboration in 
the rapidity interval 1.2 < y < 1.4. 
System J<+ 17r+ I<- 17r-
p +Be [65] 7.8 ± 0.04% -
p + Al [65] 9.9 ± 0.5% -
p + Cu [65] 10.8 ± 0.6% -
p +Au [65] 12.5 ± 0.6% -
Si +Au [106] 19.2 ± 3% 3.6 ± 0.8% 
[111]. The E859 had enough data to perform the similar rapidity study for both J<+ and 
I<- [112]. A selection of rapidity distributions dNidy are shown in Figure 4.5. Comparisons 
of Si + Al and Si + Au indicate that the yield peaks at lower rapidity in central Si + Au 
than in Si + Al. The peak depends on the centrality of the collision and in particular, 
the impact parameter. . The peripheral interaction in Si + Au is almost close to that in 
Si + Al. As one increases the size of the system or the impact parameter, the width of the 
rapidity distribution is seen to narrow. The similarity between the trends in the J<+ and 
I<- distributions is shown in Fig. 4.6. This figure shows the ratio of J<+ yield to that for 
I<- as a function of rapidity. At all rapidities, the ratio is almost independent of the system 
within 10%. It will be interesting to study this ratio because, besides the ratio rising at the 
low rapidity, it does not change much with the size of the system at a particular rapidity. 
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Figure 4.5: A sample of rapidity distributions of the yield of charged kaons in Si induced 
reactions at 14.6 A.GeV/c [112]. 
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Figure 4.6: The ratio of the yield of J(+ over f{- is plotted as a function of rapidity in Si 
induced reactions as at. 14.6GeV /c [111]. 
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4.3.3 Kaon Production and the J(j7r ratio vs Nparticipants 
We have seen how the !{+ j1r+ ratio depends on the mass of the colliding nuclei. It will be 
interesting to see how this ratio depends on the number of participants ( Nparticipants) in the 
reaction. The E802 has also studied the kaon and pion multiplicities as a function of the 
number of participants and the first study was done particularly for the number of projectile 
participants(N;;;{) [113]. Figure 4.7 shows the observed 7r+ and J{+ multiplicities plotted as 
a function of the nucleon number of projectile participants (N;;;{), measured at BNL-AGS 
[113]. For a small system like Si + Al, the production of both !{+ and 7r+ increases almost 
linearly with respect to N;;;{ However, as one goes to large systems like Si + Cu and 
Si + Au, the increase is greater than linear or rather it shows quadratic behaviour. This 
is seen more clearly for !{+ than for 7r+. If the extrapolation can, however be done on the 
last three data points, one will expect the intercept to be at a value different from zero 
and furthermore this value will depend on the size of the system. This picture of quadratic 
dependence seems to originate from pure geometry of the collisions. It is also seen that the 
increase in kaons exceeds that of pions, as shown by the number of ~!{+ to the number of 
A + NProj . F. 4 8 w. 7r versus < Part >, m 1gure . . 
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Figure 4.7: The number ~N of 7r+'s and J{+'s produced in the rapidity range 0.6 < y < 1.4 
for 28 Si incident on Al, Cu and Au targets versus the number of projectile participants [113]. 
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The kaon and pion production was first studied as a function of N;;:f by [114]. It was found 
that the J(+ yield also rises linearly with the number of projectile participants in Si + Al but 
as one goes to Si +Au, deviations from the linear dependencies were seen. This happens as 
one goes from peripheral to central collisions. This is because in moving from peripheral to 
central we increase the number of N N collisions which enhance J(+ yield. Figure 4.8 shows 
the ratio !:ln(J{+)j!:ln(7r+) plotted against< N;;:{ >.The J(+j7r+ ratio increases with the 
increase in the number of projectile participants for Cu and Au, and the two central values 
for Si + Au are distinctly larger than for Si + Al and Si + Cu. For peripheral interactions, 
the two systems ,Si +Aland Si + Cu, give J(+ j1r+ at 9%, close top+ p value [98, 104, 105] 
of::::::; 6%. In view of the above, it is noted that the high J(+ j1r+ ratio is due to the increase 
in the size of the system. For a particular system, it becomes a question of an increase of 
the size as one goes from a peripheral to a central collision. The kaon yield is also studied 
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Figure 4.8: The !:ln(J{+)j !:ln( 1r+) as a function of number of Projectile Participants < 
N;;:{ > [114]. 
as a function of the total number of nucleons participating in the reaction. Figure 4.9 shows 
the positive and negative kaons plotted as circles and triangles, respectively, while open and 
closed symbols are used for Si + Al and Si +Au. It can be seen from Figure 4.9 tha.t the 
yields of both J(+ and J(- ·behave in a similar way (which. exhibit some similarity of the 
two kaon species) with system size, except for an overall multiplicative difference. From this 
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figure, one can also see that although the number of particles rises roughly linearly with the 
number of participants, the intercepts of straight line fits (dotted lines) are not at zero. This 
is an indication that for very small systems, we will have a smaller kaon production [112]. 
This figure will again appear at the end when we make comparisons with the hadronic gas 
model. 
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Figure 4.9: The total yield of both positive and negative kaons is plotted as a function of 
the system size in Si induced reactions at 14.6 A.GeV /c [112]. 
Figure 4.10 shows the]{+ j1r+ ratio as a function of the number of projectile participants for 
Si +Aland Si +Au collisions. The ratio rises smoothly from a value near 0.05 then begins to 
saturate towards a Au+ Au value 5 times the most peripheral value in Si+Al. We have learnt 
that the kaon and pion production increases roughly linearly with the number of projectile 
participants. However, the kaon dependencies appear to have a quick saturation tendency 
in small systems where the number of particles per participant changes significantly. This 
results in the smooth rising of the ]{ / 1r ratio as a function of the system size in Si + A 
collisions. For the large systems, the tendency towards a saturation point at a small value 
of the number of participants, becomes less important arid the ]{ / 1r reaches an asymptotic 
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value at a rather large value of the number of participants. The J(+ j1r+ ratio has also been 
examined as a function of the transverse neutral energy [114]. This corresponds to the total 
number of participants (i.e target + projectile) in the reaction. The ratio versus transverse 
energy for Si + Al and Si + Au collisions is shown in Figure 4.11. It is noted that the 
dependence of the J(+ j1r+ is more linear when plotted against transverse energy produced 
in the collisions than when plotted against < N:;:/ >, and that the ratio for Si + Al and 
Si + Au is roughly the same at a given value of the transverse energy. This behaviour is 
different from what we have seen in the case of the dependence of the ratio on the size of 
the system or the number of participants. The increase in the ratio with transverse energy 
is an indication that the ratio is correlated with the degree of nuclear overlap. The greater 
the degree of overlap of the two nuclei, the greater the ratio. It is because of this result that 
it is predicted that the central Au- Au collision will have a slightly lower value of J(+ j1r+ 
than the observed one in central Si- Au [113]. 
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Figure 4.10: The ratio of the total yield of J<+ j1r+ is plotted as a function of the number of 
projectile participants for Si + Al at 14.6GeV /c and Au+ Au at 11.5 A.GeV /c (112]. 
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Figure 4.11: The J<+ / 1r+ ratio for two different rapidity intervals versus the transverse energy 
in Si + Al (open squares) and Si +Au (open circles) collisions (113]. 
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4.3.4 Summary 
The E802 Collaboration has studied the J<+ l1r+ ratio as a function of the projectile mass 
(from p to Si and presently Au), target mass(from Be to Au) and the degree of centrality. It 
is found that the J<+ I -;r+ ratio increases when any of these three parameters is increased. The 
analysis of the kaon yields indicates that the processes that were enhancing kaon production 
(relative to pion production) may have saturated. This is also clearly shown by the J(+ l1r+ 
ratio from the results of the hadronic gas model in this work. The linear dependence which 
is seen in our hadronic gas model is seen in both the kaon and pion yields with the number 
of total participants. The quadratic behavior seen in the experimental data, was also seen 
in the hadron gas model, at a value of the of number of participants which is close to zero. 
However, the model predicted that on the large scale of the total number of participants, 
the quadratic behaviour will disappear. It has been seen that dependence of the kaon yield 
on the system appears to have some sort of threshold which is quick in small systems where 
the number of particles per participant changes significantly. This threshold results in the 
smoothly rising I<l1r ratio as a function of the system of size especially in Si- A collisions. 
This is also seen in our hadron gas model. But it was shown [118] that on the large scale of 
the number of participants, the smoothly rising behaviour will disappear. Thus for a very 
large system , the effect of the threshold at a small number of participants b_ec()mes less 
important and the I< I 1r ratio reaches an asymptotic value very quickly. 
4.3.5 The AA Collisions 
The E802 Collaboration has studied the particle production in Au+ Au collisions at 11.6 
GeV lc from the BNL E866 experiment [55]. Amongst the studied particles are the J<± and 
-;r±. The particle yields and the particle ratios are studied as a function of centrality in the 
mid-rapidity, particularly the dependence of particle yields and particle ratios on the number 
of projectile participants. 
Fig. 4.12 shows the dependence of particle yields as a function of centrality. _One notices 
that the kaon yield increases faster than the pion yield with centrality. The particle ratios 
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Figure 4.12: Particle yields dN j dy for ]{±, ?T±, proton and antiproton versus the number of 
projectile participants [55]. 
are dealt with in the next section. We have noted that the data is still preliminary. We 
also note the following about the data: The ]{+ j?T+ ratio shows a strong dependence on the 
centrality. It increases with the collision centrality and it seems to reach saturation in the 
central collisions. This ratio reaches (18 ± 2) % at mid-rapidity for central collisions. The 
]{- j?T+ ratio shows a similar dependence on the centrality of the collision, (since 7r+ and 71'-
yields are almost the same, the ratios ]{- j?T+ and ]{- j?T- are almost the same), however 
the ratio does not increase much because it is still close to the value of]{- j?T- obtained in 
pp collisions. The ]{+ / ]{- ratio does not seem to depend on the centrality because it stays 
almost the same on average, from peripheral to central collisions. 
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4.4 Hadronic Gas Model in Action. 
4.4.1 Hadron Gas Model Revisited 
The chemically and thermally equilibrated hadron gas model describes the final state of 
relativistic heavy ion collisions in terms of statistical distributions (Fermi-Dirac or Bose-
Einstein). Strong interactions conserve net baryon number and strangeness which can either 
be achieved in grand canonical ensemble by introducing corresponding chemical potentials 
([43, 44, 45], etc .. ) or in canonical ensemble ([37, 27, 115, 31], etc ... ). Most people like to 
work with the grand canonical ensemble because of its computational simplicity. However, 
the grand canonical formalism has limitations for small systems, which should be taken 
into consideration. In addition to the two chemical potentials J.lB and J.ls, corresponding 
to the conservation of baryon number and strangeness respectively, one can also have the 
third chemical potential, J.lQ, corresponding to isospin or charge conservation [46]. Since in 
heavy ion collisions hadrons are strongly interacting, certain effects on these interactions 
(for example, finite volume effects) should be taken into account. The excluded volume 
approximation, in which the hadrons are given a hard-core volume, has been considered in 
.. [129, 43, 30, 116]. For Au+ Au system, finite volume effects will be negligible since we are 
already dealing with a system of the volume of the order of 103 fm 3 , therefore we will not 
include them in our application. Of the three parameters, the temperature T, the baryon 
chemical potential J.lB, and the strangeness chemical potential J.ts, one needs only two to 
describe the final state of the hadronic matter in collisions: since the third one, eg. J.ls, is 
fixed by the requirement of vanishing overall strangeness, the two remaining parameters are, 
T and f.lB. The grand canonical partition function of the hadron gas can be written [77] as 
( 4.14) 
Here the first term refers to non-strange mesons and the second term to particles which carry 
baryon numbers B; and strangeness S;. The fugacities related to the baryon number and 
strangeness are AB = exp(J.lB/T) and As - exp(J.ts/T). Including charge conservation we 
can write the general expression given by [46] 
(4.15) 
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where Wi is the phase space factor for hadrons of species i (mesons, baryons and their 
antiparticles), with Q i denoting the charge of the hadron in question and AQ = exp(J1Q /T) 
is the fugacity for charge. The phase space factors are given by 
(4.16) 
with di denoting the spin degeneracy, mi the mass of hadron species i, V the volume of the 
system and I<2 is the Bessel function of the second type. The thermal contribution of the 
particle multiplicity Ni = Wi has to be added by resonance contributions to get the particle 
multiplicity 
Ni = Wi + l:Br(j ~ i)W1 . 
j 
( 4.17) 
Here Br(j ~ i) is the branching ratio of the decay of resonance j to particle i. For a final 
state of interaction, which is in both thermal and chemical equilibrium ( unique freeze-out), 
all hadronic ratios should be determined using the values ofT and JlB which can be fixed by 
at least two ratios. 
In this work we will use canonical formalism of which we can compare the results to the ones 
obtained in the grand canonical formalism at the end. The motivation for using canonical 
description for hadronic interactions comes from the work of R.Hagedorn (25]. In such a 
model one assumes that a thermal system is being produced, which expands until freeze-out 
is reached, and the hadronic resonances decay into the lightest stable particles. The observed 
particle yields reflect the properties of the system at freeze-out. We learnt from Chapter 2 
that the use of grand canonical in small volumes is not justified, and instead one should use 
the canonical ensemble. As an example, in the grand canonical ensemble we have for the 
density of kaons [117] 
( 4.18) 
while in the canonical ensemble for a small system one has 
( 4.19) 
One sees explicitly that strangeness is conserved because for each J(+ one needs a J(- to 
balance strangeness. The density too will be suppressed because one has two exponential 
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factors. Strangeness conservation requires that at least two kaons are produced, and we 
have learnt in Chapter 2 that for a small system this makes a substantial difference. The 
motivation for exact strangeness and baryon number conservation (canonical formalism) has 
been presented in Chapter 2. We therefore want to see it in action, and particularly its 
application to heavy ion collisions. Figure 4.13 shows the I</ 1r ratios as a function of the 
interaction volume for different collisions ranging from p - p to Si - Au collisions. The 
curves are for exact baryon number and strangeness conservation at a fixed temperature T 
and baryon density nB. For zero volume both ratios become zero, while for increasing V/Vo 
both ratios increase. They finally reach an asymptotic value at volumes in which the grand 
canonical ensemble may be used. The calculation was done for a hadronic gas containing 
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Figure 4.13: The ]{+ jtr+ and ]{- jtr- ratios as a function of the interaction volume at a 
fixed temperature T and baryon density nB [31]. 
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4.4.2 Application of Hadron Gas Model to Au+ Au Collisions 
The Au+ Au system is an example of A - A collisions, where the two nuclei in collision 
are identical and where there will be geometrical symmetry in the collisions. This means 
that the participating number of nucleons from the projectile will be the same as target 
participating nucleons. 
Preliminary results on the dependence of hadronic ratios on the number of projectile partic-
ipants have recently been presented by the E866 collaboration (55] for relativistic Au- Au 
collisions at the BNL-AGS. These results give insight into the behavior of the produced 
hadronic system as a function of the baryon number and the size of the interaction volume. 
In this work we try to analyze these results using a thermal resonance gas model at a fixed 
temperature and a fixed baryon density. This treatment differs from the ones considered in 
(46, 47] in that here we consider baryon and strangeness content exactly. This means that 
we do not introduce chemical potentials for baryon number nor for strangeness. Chemical 
potentials are usually introduced to enforce the right quantum number in an average sense. 
We will use the canonical formalism results from Chapter 2. We will use the fact that since 
the net baryon number, B corresponds to the total number of participants, then B = 2Npp , · 
where NPP is the number of projectile participants with the factor 2 reflecting the symmetry 
of the Au- Au collision system. Furthermore it is useful to group all particles in the Particle 
Data Booklet (36] depending on their quantum numbers (we leave out charm and bottom). 
We do not include cascade particles (the 3's and f!'s) as their contribution is unimportant 
for the energy range under consideration. However it can be done according to Chapter 
2. Thus we will make use of Eq. 2.48 from Chapter 2 as our basis. In Chapter 2 we have 
outlined the way of determining all the particle densities. We consider now the behavior at 
the freeze-out. In this case all the resonances in the gas are allowed to decay into the lighter 
stable particles. This means that~ each particle density is multiplied by with its appropriate 
branching ratio (indicated by Br below). The abundances of particles in the final state are 
thus determined by 
( 4.20) 
where each sum runs over all particles contained in the hadronic gas and H refers to a hadron 
c 
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( 7r+' !{+' p, ... ) 
The hadronic ratios to be investigated have been studied as a function of the net baryon 
number B [118]. This will correspond to the investigation of the same ratios as a function of 
the total number of participants in the reaction. The studies were done so as to incorporate 
large values of B. The dependence on BjV and Twas investigated. It was found that .the 
results show the expectations of Chapter 3. The only difference is that at large values of B, 
we no longer have the quadratic behaviours seen in Chapter 3. The dependence of the ratios 
on B becomes negligible. The results are shown in Fig. 4.14( a)-(h). 
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Figure 4.14: Hadronic ratios as a function of baryon number, B. 
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We now turn to the E866 experimental data. The comparison with the experimental results 
is shown in figures 4.15 to 4.17. To compare with earlier calculations (46, 4 7] we keep the 
temperature T and the baryon density B /V fixed. This corresponds to keeping the baryon 
chemical potential fixed in the standard hadronic gas calculations using the grand canonical 
ensemble. In figure 4.15 we compare our results (of J<+ (rr+) with the recent data from AGS 
(55] [112]. The set of data with long error bars is included to indicate that the data is still 
preliminary and therefore not yet converged. We thus prefer to fit the data with short error 
bars, the advantage being that the set with short error bars comes with other ratios. This 
makes the question of thermalisation more interesting since a good agreement will mean that 
one can indeed describe the particle species produced from the fireball by one temperature 
and also by one baryon density. As one can see, our results show a steep rise with the number 
of participants, Npp, before levelling off while the experimental data indicates a slower rise 
than the model predicted. In figures 4.16 and 4.17 we show the I<- j1r+ and the J<+ / /{-
ratios. From the investigations of pion dependency on temperature and baryon density it is 
obvious that the result will perfectly agree with the experimental data , this is so if one looks 
at figures 4.14( (g) and (h)). Like the experimental data, our model's result does not stay 
at unity but rises a little bit above unity. However a direct comparison of the model and 
the data indicates that the rise in experimental data is larger than that of our model. This 
is also attributed to Coulomb final state interaction which is responsible for the difference 
in the shape of 1r- and 7r+ spectra together with the electrical chemical potential which is 
responsible for the total 1r- j1r+ ratio (62). The importance of Coulomb effects for 7r+ and 7r-
spectra in nuclear collisions was seen, in both experiment and theory, for a long time (see 
references in a recent paper [119]). Analytical formulas for Coulomb final state interactions 
were derived by Gyulassy and Kaufman in [120]. (We might have even a better agreement 
in the pion ratio if the model could be modified to include the coulomb effects). 
Because the data is still preliminary ( and also depending on the error bars ) we use three 
different values of temperature T and B jV. For the final converging experimental data, one 
will have to use one value of temperature and baryon density. In each case the good agreement 
is obtained with the results of the E866 collaboration [55]. The relevant temperature is 
around T ~ 100 MeV, the baryon density is in the range B/V ~ 0.02-0.05/ Jm3 , which is 
an indication of considerable expansion before freeze-out. In the grand canonical ensemble 
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Figure 4.17: The J(+ / J(- ratio as a function of the number of projectile participants, Npp 
[121]. 
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Using the sameformalisms of the Hadron Gas Model presented in this work, one can also 
analyze the E859 data presented by [112], particularly the kaon production. In figure 4.18 
we compare our results to the experimental data. Again one sees a good agreement with the 
experimental data. The same plot has been done by D.Morrison in his PhD thesis [111], see 
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Figure 4.18: The total yield of both positive and negative kaons is plotted as a function of 
the number of total participants in Si induced reactions at 14.6 A.GeV /c. 
fitted with a single straight line, with which the Hadron Gas Model considered here, almost 
agrees. However, it turns out that the model goes along with the quadratic dependence near 
zero total number of participants. The model also shows that the Si + Al and the Si +Au 
have slightly different freeze out conditions, T and B /V. Finally, we note that the model is 
in good agreement with the data. 
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4.4.3 Thermalisation 
Within the framework of the hadron gas model, we seek to determine the temperature of 
the system at the point when the particles cease to interact strongly (freeze-out) as well as 
the net baryon density at freeze-out. Large freeze-out temperatures would imply that even 
higher temperatures are reached earlier in the collision. Low freeze-out temperatures can 
also imply that the produced matter in collision do expand considerably before freeze-out. 
The information on whether we have reached thermalisation in heavy ion collisions can be 
found from the produced hadrons and hadronic ratios. It is noted in the paper of Cleymans 
et. al. [46] that thermalisation at the AGS energy range can lead to an increase or decrease 
of hadron abundance in heavy ion collision relative to those measured in p - p or p - A 
collisions. One such example is the enhancement off{+ j1r+ ratio. Figure 4.19 shows a hand 
drawn J(+ j1r+ ratio taken from [10] measured at the AGS [113]. The ratio grows from a 
p- p value near 0.05 to a four times larger thermal value, above 0.2, in central Si - Au and 
Au- Au collisions [113, 123, 124]. On the other hand, the number of pions produced per 
participating nucleon decreases at the AGS energies towards its thermal value. Figure 4.20 
shows the 1rjNpart ratio (taken from [48]) in p- p collisions at 14.6 GeV beam momentum. 
Here Npart is the average number of participants in a p - A collision. It is also noted that 
\ 
in a high baryon density environment, where one will have more annihilation processes, the 
ratio of anti-baryon to baryon production is also expected to decrease. This is confirmed by 
the ratio pj p which appears to decrease in going from p- p to A- B collisions [127]. 
0.1 AGS 
p-p K+ I rr+ ratios 
100 200 300 400 
Participants 
Figure 4.19: The f{+ j1r+ ratio versus the total number of participants [10]. 
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Figure 4.20: The 1r / Npart ratio as a function of participating nucleons Npart in p - A and in 
Si-Al and Si- Au collisions at the AGS. Taken from [48]. 
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4.4.4 Conclusion 
The hadron gas model has been tested on the experimental results. The agreement is re-
markable, keeping in mind one freeze-out temperature T and baryon density B jV for all 
particle species. Since particle emission is expected when the mean free path is comparable 
to the size of the system, different particles could decouple at different times which will imply 
different temperatures and baryon densities. In view of this one would not expect all the 
particle yields and the hadronic ratios to approach thermalisation at the same time and by 
the same rate. Also, the mechanisms which brought different particles towards freeze-out 
might be different. There are more processes in heavy ion collisions such as pion-nucleon 
and pion-pion interactions, which results in high kaon production, than in nucleon-nucleon 
interactions. Thus one will expect an enhancement of kaonjpion ratio. In view of this one 
should not take strangeness enhancement as the sole factor behind the kaon/pion ratio~ but 
rather it should be taken as one of the ingredients in trying to understand the enhancement 
of the ratio. Also, because the pion production per nucleon decreases as one moves from 
A - A via p - A to p - p collisions, one will expect the kaon/pion ratio to increase from 
p - p to p - A collisions until we have a constant kaon production. It should be noted that 
if it can somehow be shown that we do indeed reach thermalisation in heavy ion collisions, 
that alone will not rule out the possibility of the claimed QGP's existence. One has to keep 
in mind that the thermal model provides only the scenario at the freeze-out and it does not 
tell us about the evolution and the dynamics of how the system got there. 
• QGP Formation· 
Based on the characteristics of the behavior of the Hadron Gas Model results and the re-
viewed experimental information in combination with the simple comparisons in this thesis, 
it seems though that the results of kaon production and the kaon/pion ratio can be under-
stood without invoking formation of the QGP. If the QGP is formed we expect to see a 
dramatic change in the way the kaon/pion ratio increases as one goes from small systems to 
large ones or equivalently from peripheral to central collisions compared to the usual trend 
which we saw in this thesis. This is not even seen in Au+ Au collisions where the motivation 
is primarily the -hope that QGP will be formed in larger systems. Also, one cannot draw a 
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conclusion that QGP is not formed either, considering that our hadron gas model does not 
know anything about the history of the hadronic matter produced, except at the freeze out. 
At RHIC (and/or LHC) for large collision systems and high energies it might be possible to 
create a new state of matter, the quark-gluon plasma. In order to clearly distinguish this 
from possible alternatives of a hadron gas, one would like to know the state of the plasma 
in its different stages throughout its lifetime. 
The competition between the model and the experiment continues and along the way, even 
if they don't agree, new physics will be established. 
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4.4.5 Improvements 
Excluded and Finite Volume corrections 
Because the hadron gas system is strongly interacting, it is expected that the simple ·free . . 
gas approximation used should be modified. Two different approximation models which 
incorporate only the repulsive interactions are the excluded volume and mean field. In the 
excluded volume approach, the interactions are incorporated by allowing hadrons to have a. 
finite hard core, effectively reducing the over-all volume in which the hadrons move to 
V - "'EN· L...i 't t ' (4.21) 
where i runs over all species and N; is the number of particles of type i. As a. consequence 
the baryon number density B/V (ns) becomes 
ns = [1 + V n~] ' ( 4.22) 
where n~ denotes the density calculated for an ideal gas of pointlike baryons. Note that for 
n~ --+ oo, n 8 --+ 1/V, that is we have dense packing limit of hard-sphere baryons with an 
intrinsic volume V. In the case of several baryon species a= 1, 2, 3, · · ·, r, this becomes 
( 4.23) 
and V.:. proportional to the mass as suggested , e.g., by the bag model. For a. review on the 
hard-core repulsive(geometrical) approach see for example [129, 130, 131, 132] 
As a consequence of the finite volume corrections discussed in [133], the integrand 
( 4.24) 
has to be multiplied by a correction factor [134], see also [135]. For an estimate of this 
correction we assume a spherical volume with radius R giving a correction factor 
37r 3 
!c = 1 ± 4pR + 8(pR) 2 (4.25) 
The positive and negative signs in Eq 4.25 refers to von Neumann and Diritchlet boundary 
conditions respectively. The implications of this correction factor can be found in Ritchie's 
PhD. thesis [136] and [137]. See also Appendix I. 
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Other considerations 
Besides the finite volume effects discussed above, one can still modify the model. The 
alternative consideration would be to use experimental data points to find out the freeze-out 
temperature and baryon density in a T- nB plane as done in grand canonical on the T- /-lB 
plane [46]. The other proposal which deals very much with geometrical considerations and 
was considered by [31, 138]. In this picture the freeze-out volume is found in the following 
way: A given projectile of radius Rp and mass number Ap bore a volume Yin out of the 
target given by: 
( 4.26) 
The target is labelled with the subscripts T and Vo is the volume of a nucleon. The baryon 
number, B, inside this volume is 
\tin 
B =Ap+ -Ar 
Vr 
( 4.27) 
After the collision the system expands up to the freeze-out time after which the hadrons cease 
to interact. This expansion is characterized by the expansion parameter a. The pointlike 
baryon density is then given by 
.o B. 
nB = T7' 
O:Vin 
and the extended baryon density nB is given by 
B 
( 4.28) . 
(4.29) 
which follows from reducing the available pointlike volume by B times the volume of a 
baryon, Ypoint-like = V - BVo. 
A rather naive geometrical picture for calculating the number of participating nucleons in 
central collisions, for e.g A - B collision where A < B, follows: the radii of the nuclei can 
be obtained from 4R3 -rrn0 /3 = A, where A in this relation denotes the mass number of the 
nucleus in question and n 0 is the nuclear density taken to be 0.17/ fm 3 . Now, the height of 
the cylinder cut out of the target by the path of the projectile is H = 2) R}- R}. Thus 
the volume of tnis cylinder is Vcyt = 2R}-rr H. The height of the sp.herical slices at the two 
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ends of the cylinder is h = Rr - J R}- R~, so the volume of the two spherical slices is 
"Vszc = ~trh2 (3Rr- h). Thus the total number of target participants is NJ,~;t = no(V:yl + Vszc) 
and for the total number one add the projectile nucleons of which in central collision they 
all participate. 
One can also use an oversimplified approach using the participant-spectator model. Assum-
ing a hard sphere nuclei of radius R and constant density inside, the number of projectile 
participants is given by 
N"" = ~~AR3 fn ~(R'- x')dx =A (1- :~, + 4~3) , (4.30) 
with impact parameter b. The most general method is the one considered by Salmeron [139]. 
Here not only the number of projectile participants is calculated, but also the number of the 
target participants, and the model is b dependent. This model together with Glauber model 
is of interest to see its impact on the hadron gas model considered here. 
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Appendix A 
Kinematic Variables 
The kinematic variables commonly used in high-energy heavy ion collisions are transverse 
mass, mr, and rapidity, y. In any collision there is a unique defined direction, the beam 
axis z. Consider a particle of mass m and momentum p. The momentum component 
along the beam direction is called the longitudinal momentum, PI (or Pz). The components 
perpendicular to the beam are combined and called the transverse momentum, PT (or P.L)· PT 
is Lorenz invariant in any frame (including the lab system) moving parallel to the z direction. 
The longitudinal momentum, p1 and energy, E = Jp2 + m 2 , are not Lorenz invariant. The 
transverse mass is defined as 
(A.l) 
and the rapidity is defined as 
y = ~ ln ( E + PI) = In ( E + PI) 
2 E- PI mr 
(A.2) 
Rapidity has a very nice property in that it is additive under Lorenz transformation just 
like a Galilean velocity under Galilean transformations. Therefore, the differential dy is 
Lorenz invariant. Using transverse mass and rapidity, we can easily derive the energy and 
longitudinal momentum: From Eq. A.2, we have 
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and 
e-y = J~ ~ ~: . (A.4) 
Adding Eqs. A.3 and A.4, we get the relation between the energy and the rapidity of the 
particle: 
E = mrcoshy , (A.5) 
and subtracting Eq. A.4 from Eq. A.3, we obtain the relation between the longitudinal 
momentum p1 and the rapidity y of the particle 
PI= mrsinhy (A.6) 
This makes the energy and longitudinal momentum transformation easy. To characterize the 
rapidity of the particle it is necessary to measure two quantities of the particle, such as its 
energy and its longitudinal momentum. However, in many experiments, it is only possible 
to measure the angle of the detected particle relative to the beam axis. In that case, it is 
convenient to use the pseudorapidity variable "' to characterize the detected particle This 
variable is closely related to rapidity and it depends only on the polar angle, (), which is the 
angle 'between the particle momentum p and the beam axis. The pseudo-rapidity is defined 
as 
~ln(IPI+Pt) =ln(P+Pt) 
2 IPI- PI PT (A.7) 
= -ln[tan(()/2)] . 
Looking at Eqs. A.2 and A.7, one quickly see that the pseudo-rapidity variable coincides 
with the rapidity variable when the momentum is large, i.e, when IPI ~ E. Consider now 
the change of variables from (y, PT) to ("', PT). One can change from y to 'f/ and vice versa .. 
From Eq. A.7, we have 




Adding Eqs. A.S and A.9, we obtain the relation 
IPI = py cosh 17 , (A.10) 
where py is the magnitude of the transverse momentum 
PY = Jp- PI· (A.ll) 
Subtracting Eq. A.9 from A.S, we obtain 
PI = py sinh 17 • (A.12) 
Using these results we can express the rapidity variable y in terms of the pseudorapidity 





2 jp} cosh 2 ry + m 2 .- py sinh 17 ' 
(A.13) 
where m is the rest mass of the particle. Conversely, the pseudo-rapidity variable 17 can be 
expressed in terms of the rapidity variable y by 
1 [jm} cosh
2 
y- m 2 +my sinh yl 
17 = -In 
2 jm} cosh2 y- m 2 - my sinh y 
(A.14) 
If particles have a distribution dN I dydpy in terms of the rapidity variable y, then. the 
distribution in the pseudo-rapidity variable 17 is 
dN 
drydpy 
m 2 dN 
1----~--­
m} cosh2 y dydpy 
(A.l5) 
In experiments, only the pseudo-rapidity variable of the detected particles is measured to 
give dN I dry, which is the integral of dN I drydpy with respect to transverse momentum. One 
can compare this quantity with dN I dy which is the integral of dN I dydpy with respect to 
transverse momentum. For massless particles 17 and y are identical. 
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Appendix B 
The Thermodynamics of Quark-Gluon 
Plasma 
B.l Quarks and Gluons at high T and /-lquark==O 
The phasespace volume of quarks in a spatial volume Vwith momentum pin the momentum 
interval dp is 47rp2dp V. Each -state occupies a phase space volume of (27rn?. Therefore the 
number of states characterized by a momentum p in the interval dp is 47rp2 dp V/(27r)3 . 
For a given temperature T, not all the states are occupied. The occupation probability for 
the state with a momentum p is given by the Fermi-Dirac distribution for that particular 
temperature T. 
The number of quarks in a volume V with momentum p within the interval dp is 
(B.l) 
where the factor in the curly brackets is a Fermi-Dirac distribution, /lq is the quark chemical 
potential and g9 is the degeneracy of quarks .. 
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I 
The number density of antiquarks is therefore 
gq [000 47rp2 dp [1 - 1 ] 
(27r )3 1 + e(p-p,q)/T nq = 
(B.2) 
and 
n - ___!!_!!__ roo 47r 2 d 1 
. q - (27r )3 lo p p 1 + e(P-I'q)/T · (B.3) 
When the number density of quarks is the same as that for antiquarks, we have /-lq = 0. For 
J-lq = 0, the energyof the massless quarks in the system of volume V and temperature Tis 
E~. = gq roo p3dp 
27r 2 Jo 1 + eP/T 
gq 11 T4 roo z3dz 
27r2 Jo 1 + ez 
gq V T 4 r(4) ~( -1t 1 
21r 2 t'o (n + 1)4 
where r is the gamma function. One can show that 
where (( x) is the Riei'Yiann zeta function defined by [20) 
1 





The function ((4) has. the value 7r4 /90 [20). The energy of the system due to quarks is 
therefore 
(B.7) 
and the energy density is given by 
(B.S) 
B.l. QUARKS AND GLUONS AT HIGHT AND /LQUARK=O 
From the pressure-energy density relation, 
the pressure due to quarks is 
P=~E 
3 v 
and the pressure due to antiquarks is 
Thus the pressure of the quark-antiquark gas at temperature T will be 
7 7!"2 
Pq + pii = S (gq + 9ii) 90 T4 
and the number density of quarks and antiquarks are 
where ((3) has the value of 1.20205 [20]. 
9q r= p2dp 
27r 2 lo 1 + eP/T ' 
.J:i_ T 3 ~ ((3) . 
27r 2 2 
The energy of gluons in the system of volume V and temperature T is 
9g v r= 3 { 1 } 








where the factor in brackets is the Bose-Einstein distribution for bosons and g9 is the gluon 
degeneracy, 
Therefore, · E9 
g g V T4 r( 4) ~ 1 
27r2 ;;:a (n + 1)4 
9 9 v T 4 r ( 4) c ( 4) 
27r2 
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Again using P -:- k E/V, we have 
(B.16) 
The number density of gluons are 
~; laoo P2 dp { eP//- 1 } 
__fh_ T 3 r(3) ((3) 
271"2 
(B.l7) 
9~ 1.202 T 3 . 
71" 
B.2 Quarks and gluons at High Baryon Density 
We consider a relativistic degenerate quark gas. For simplicity, we shall neglect the contri-
butions from antiquarks and gluons. The number of state in a volume V with momentum p 
within the momentum interval dp is 
(B.l8) 
The total number of quarks up to the Fermi momentum /-lq is 
9q v rf.J.q 2 




The number density of quarks is given by 
(B.20) 
The energy of the quark gas in a volume Vis 
9q v rf.J.q 3 
Eq = ( 271" )3 lo 47rp dp 
(B.21) 
9q v 4 
871"2 1-lq 
The energy density of the quark is therefore 
(8.22) 
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And from the relation between the pressure and the energy density, we have 







JLq = --B ' 
gq 
which corresponds to a critical quark number density given by 
( 
g ) 1/4 
nq( quark-gluon plasma) = 4 ~ B 314 , 
247r 
and the corresponding critical baryon number density is 
4 ( g )1/4 nB(quark-gluon plasma)= - ~ B 314 
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Appendix C 
The Density of Particles at 
Temperature T 
The density n; of particle i with rest mass mi at temperature T is given by 
1 r)Q 47rp2d IPI 
ni = (211" )3 Jo eVP2+mUT _ 1 
This can be written as 
ni = T3 {'XJ 
271" 2 lo 
T
3 roo z2 dz e-Jz2+(m;/T)2 f: e-(k)Jz2+(m;/T)2 
271" 2 lo k=O 
T32 f roo z2 dz e-(k+l)Jz2+(m;/T)2 
271" k=O lo 
By using Eq.(9.6.23) of [20], we have 
laoo z2 dz e-(k+l)Jz2+(m;fT)2 
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As a special case: For large m; such that mi/T >> 1, Eq.(9.7.2) of [20] gives 
/{2 (km;) ~ J 7rT e-km;/T. 
T 2km; 
and in this limit the density ni is 
. - (m;T)3/2 ~ _1_ -km;/T 
n,- L..... k3/2e . 
27r k=l 
(C.5) 
The ratio of two different densities of two types of particles at the same temperature is 
( )
3/2 




Particle Yields in dnjdy and Thermal 
Model 
The Boltzmann approximation Eq. 1.6 gives the particle density in an infinite volume. Ig-
noring the finite volume corrections, it gives particle yields of 
(D.l) 




ex m} cosh(y )e- T dmrdyd¢Y. 
Integrating Eq. D.3 over mr, given azimuthal symetry, we obtain 
dn 100 2 mT cosh y -d ex mT cosh y e- T dmr 
Y . m 
( 0.4) 
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ex - + + T e- T • [ 
m 2 2m 2 l 3 m cosh y 
T 2 T cosh y cosh2 y 
(D.5) 
For massless particles, this reduces to the familiar T 3 relation. For small y, dn/ dy can be 
approximated as a Gaussian distribution with its width given by 
r thermal = If . (D.6) 
Appendix E 
Particle density ratios and transverse 
flow 
The Boltzmann equation for the density of particle species i 
J d3p _!b._ ni = gi)...i ( 21r ) 3 e r , 
can be written in the form 
dn g , ·(mT ) (PT ) d = -( )2 )...2mT J\1 -T coshyT 10 -T sinhyT ffiT ffiT 27r ·. 
We rearrange the above equation by using mTdmT = PTdPT to get 
n ex hoo dpT PTffiT K1 (7 coshyT) Io (~ sinh¥T) 
Let us rescale Eq. (E.3) by dividing PT and mT by m to obtain 
3 {
00 
dpT PT ffiT , ( ffiT ) ( PT . ) n ex m lo -;;; m m l\1 mTm cosh YT 10 mTm smh YT , 
which leaves the integral dimensionless. Using [140], one can show that 
leo dx xJx2 + y2 K1 (cJx 2 + y2) Io(bx) 
_ C 2}' ( . I 2 _ b2) 
- ( c2 - b2) y \ 2 y v c . 
Comparing Eq. E.4 and Eq. E.5 we have 
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And finally we have 
(E.7) 
This shows that the ratios of particle densities are independent of transverse flow. One 
notices that the only difference from a stationary fireball is that now we have a factor cosh YT 
which is attributed to the Lorenz contraction in the transverse direction of the fireball, since 
cosh YT = /, which then reduces the volume to !Vstationary· 
Appendix F 
Thermal Boltzmann spectra and 
Rapidity windows 
Beginning from relation 
E d
3
n g>.. h( ) ~cosh(y y ) - = -- mr cos y- YFB e- r -FE . 
d3p (27r )3 
(F.1) 
We integrate the above equation by parts over mr and make use of y' = y- YFB to arrive at 
dn g>.. 2 m h I T T - = --m Te-Tcos Y 1+2 +2 . 
dy (27r )3 ( m cosh y' m cosh y') ( .) ( 2) (F.2) 
The behaviour of the above equation for m 2: T is 
dn m( )2 
_ rv e-2T Y-YFB 
dy 
(F.3) 
For massless particles, the rapidity and pseudorapidity spectra becomes equal: dn/ dy "' 
1/ cosh 2 y' Looking at the above equation, Eq. F.3, data which have been collected in a small 
rapidity window (compared with the total rapidity distribution width, say oy ~ 0.5 or so) 
should be compared with a thermal model by using a fit of the form 
dn -~ 
ex mr e Teff , 
dydmr 
(F.4) 
with Teff = Tj cosh(y- YFB). In a large rapidity window around YFB, they integrated form 
of the above equation, in the limit where mr ~ T produces the relation 
(F.5) 
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In this case one should plot 
dn 
(F.6) 3/2 vs mr 
mT dmr 
Appendix G 
Transformation of d3p into cylindrical 
coordinates 
Due to the cylindrical symmetry of the collision we are modelling, it is convenient to introduce 
two variables: y, longitudinal rapidity (which is Lorentz-additive), and mT, transverse mass. 
We define y, the longitudinal rapidity, as 
y = tanh- 1 (~) . (G.1) 
We have chosen the boost to be only along the z-axis, so Pz/ E = (/31)/1 = {3, which is just 
VL as we use units where c = 1. Defining mT as 
(G.2) 
and writing the momentum 4-vector of the beam as 
(G.3) 
and using 
PJ.L p, = mT2 cosh2 2 2 2 · h2 E2 2 2 2 2 ,... y - Px - Py - mT Sill y = - Px - Py - Pz = m ' (G.4) 
the familiar relation 
E2 _ p2 _ p2 _ p2 = m 2 
X y Z l (G.5) 
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is regained. 
Now we transform d3p into cylindrical coordinates: 
(G.6) 
with PT = transverse and Pz = longitudinal momenta respectively. If one recalls that m} = 
m 2 + p}, it .follows that mr dmr = PT dpr, which transforms the above equation into 
(G.7) 
Using the definition of rapidity we have dy = dpz/ E, we finally have the transformation of 




The density of a system of N "real" particles in a volume V is 
nreal = N . 
v (H.1) 
If we shrink the "real" particles to point-like particles the volume of the point-like particle 
becomes V- Vo, where Vo denotes the original "real" particle volume and density of point-like 
particles becomes 









1 + npointlike Vo 
(H.2) 
(H.3) 









= dense packing limit . 
If each particle species has the same excluded volume then the particle ratios calculated 
using the 'excluded volume' ensemble are the same as those calculated in the ideal free gas 
. of pointlike, non- interacting particles. However; if the excluded volume varies from species 
to species, the particle ratios are affected.-
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Appendix I 
Finite volume correction for a 
spherical fireball 
The quantum mechanical wave functions that describe the spherical fireball are subject to 
a surface boundary condition that requires these wavefunctions to vanish at that surface. 
Quantitatively, we look for solutions of 
n2,Tr + k2,Tr = O ' >Tr 0 v 'I' '~' '~'surface = · (I.l) 
Each proper solution W ( x, y, z) = sin( kxx) sin( kyy) sin( kzz) corresponds to a lattice point in 
k space, with kx = l1r I a, ky = m1r I a, kz = n1r I a is the radius of the sphere. Each state fills 
out a characteristic volume 1r3 I a3 , and the states are filled to a kmax· This can be visualized 
as the states occupying an octant of a sphere, except for slablike regions at coordinate planes 
(x or y or z = 0), and on the shell, where the boundary condition applies. Volume= shell-
correction for ring-like strips + recorrection for corners subtracted twice in counting volume 
of rings, or more elegantly, if we look at the number of states dN with wave number k found 
in the interval k + dk 




dk + x dS dkl81r 2 , 
21r 1r 
( 1.2) 
with V the volume, S the surface area and x the local total curvature of the sphere, which 
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is just L, the characteristic length of the fireball. So N, the number of allowed states with 
wave number less than k 
(I.3) 
In other words, the entire geometric volume is not free to be populated by quantum states. 
The forbidden regions, when the volume is small, have to be taken into account, hence 
the term 'finite volume correction'. The plus and minus signs refers to von Neumann and 
Diritchlet conditions respectively. 
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